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Abstract. The aims of this article are to study deformation theory of trian- 
guline B-pairs and to construct a p-adic family of two dimensional trianguline 
representations for any p-adic field. The deformation theory is the generaliza- 
tion of Bella'iche-Chenevier's and Chenevier's works in the Q p -case, where they 
used (ip, r)-modules over the Robba ring instead of using £?-pairs. Generalizing 
and modifying Kisin's theory of Xf s for any p-adic field, we construct a p-adic 
family of two dimensional trianguline representations. As an application of these 
theories, we prove a theorem concerning Zariski density of two dimensional crys- 
talline representations for any p-adic field, which is a generalization of Colmez's 
and Kisin's theorem for Q p -case. 
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1. Introduction. 

1.1. Background. Let p be a prime number and K be a p-adic field, i.e. finite 
extension of Q p . The theory of trianguline representations (which form a class of p- 
adic representations of Gk '■= Gal(-fr/ir)), in particular the theory of their p-adic 
families turns out to be very important in the study of p-adic Galois representa- 
tions parametrized by p-adic families of automorphic forms (in particular eigen- 
varieties). Inspired by Kisin's p-adic Hodge theoretic study of Coleman- Mazur 
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eigencurve ( |Ki03j ). Colmez ( |Co08j ) defined the notion of trianguline representa- 
tions by using Fontaine's and Kedlaya's theory of (ip, r)-modules over the Robba 
ring in the study of p-adic local Langlands correspondence for GL 2 (Q P ). Based 
on their works, Bellaiche-Chenevier ( |Bel-Ch09] ) and Chenevier ( |Ch09bj ) studied 
deformation theory of trianguline representations and p-adic families of trianguline 
representations. These theories are the most fundamental tools for their study of 
unitary eigenvarieties. Because all their studies are limited to the case K = Q p , we 
didn't have any results concerning to p-adic Hodge theoretic properties of eigen- 
varieties over a number field F except when F is Q or more generally is a number 
field in which p splits completely. 

On the other hands, in |Na09] , the author of this article generalized many results 
of |Co08j for any p-adic field K. The author proved some fundamental proper- 
ties of trianguline representations and then classified two dimensional trianguline 
representations for any p-adic field, where we studied trianguline representations 
by using .B-pairs, which was defined by Berger in |Be09] . instead of using ((p, V)- 
modules over the Robba ring. 

The aim of this article is to generalize Kisin's, Bellaiche-Chenevier's and Ch- 
enevier's works for any p-adic field K, more precisely, to develop deformation 
theory of trianguline representations and to construct a p-adic family of two di- 
mensional trianguline representations for any p-adic field K. The author thinks 
that these generalizations are fundamental for applications to p-adic Hodge the- 
oretic study of eigenvarieties for more general number fields. Moreover, as an 
application of these theories, we prove some theorems (see Theorem 11.61 and The- 
orerr il.7l in Introduction) concerning Zariski density of two dimensional crystalline 
representations for any p-adic field. These results are generalizations of a theorem 
of Colmez and Kisin when K = Q p , which played some crucial roles in the proof 
of p-adic local Langlands correspondence for GL 2 (Q P ) ( jColOj . |KilO] . |PalOj ). 

In the next article ( |Nallj ) which is based on many results of this article, we con- 
struct a p-adic family of d- dimensional trianguline representations for any d e Z;>! 
and for any K and prove a theorem concerning to Zariski density of ci-dimensional 
crystalline representations for any d and K. 

In future works, the author wants to study eigenvarieties which parametrize 
finite slope p-adic Hilbert modular forms by using the results of this article. 

1.2. Overview. Here, we explain the details of this article. 

In § 2, we study the deformation theory of trianguline 5-pairs, which is the 
generalization of the studies of |Bel-Ch09] , |Ch09b] for any p-adic field. 

In § 2.1, we recall the definition of 5-pairs and some fundamental properties of 
trianguline -B-pairs proved in |Na09] and then we extend these to Artin local ring 
coefficients case. Let E be a suitable finite extension of Q p as in Notation below. 
We recall the definition of B- .B-pairs of Gk, which is the B-coefficient version of 
-B-pairs. We write B e := B^t, . An E-B-pair is a pair W = (W e , W^) where 
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W e is a finite free B e ®q p i?-module with a continuous semi-linear G^-action such 
that W^ R C W dR := B dR ® Be W e is a G A '-stable B£ R ®q p ^-lattice of WdR. The 
category of ^-representations of Gk is embedded in the category of £^-5-pairs 
by V 4 W{V) := (B e <g> Qp V, B j" R <g> Qp V). We say that an E-5-pair is split 
trianguline if W is a successive extension of rank one _E-.B-pairs, i.e. W has a 
filtration C W\ C yy 2 C ■ • • C yy n _i C W n = W such that Wj is a saturated 
sub i?-.B-pair of py and WijW^x is a rank one i?-I?-pair for any 1 ^ z ^ n. We 
say that py is trianguline if py ® A £" is a -E'-split trianguline E'-B-pair for a finite 
extension E' of i?. We say that an ^-representation V is split trianguline (resp. 
trianguline) if W(V) is split trianguline (resp. trianguline). By these definitions, 
to study trianguline i?-i?-pairs, we first need to classify rank one E-B-pairs and 
then we need to calculate extension class group of them, which were studied in 
|Co08] for K = Q p and in |Na09] for general K. In § 2.1, we recall these results 
which we need to study the deformation theory of trianguline E-B-p&irs. We define 
the Artin local ring coefficient version of 5-pairs. Let Ce be the category of Artin 
local .E-algebras with the residue field isomorphic to E. For any A £ Ce, we say 
that yy := (yy e , W^) is an A-B-pair if W e is a finite free B e Cg>Q p A-module with a 
continuous semi-linear G A -action and C py dR := £? dR ® Be W e is a G^-stable 
B^ K ®q p A-lattice. We generalize some results of |Na09j for A-B-pairs. 

In § 2, we study two types of deformations of split trianguline i^-5-pairs. In 
§2.2, first we study the usual deformation for any .E-B-pairs which is the gener- 
alization of Mazur's deformation theory of p-adic Galois representations. Let W 
be an E-B-pair and A £ Ce- We say that (Wa, t) is a deformation of W over A 
if Wa is an A-B-pa.ii and i : Wa ®a E — » W is an isomorphism. We define the 
deformation functor of W, D w : Ce — > (Sets) by D W (A) : = {equivalent classes 
of deformations (Wa, l) of W over A }. We prove the following proposition con- 
cerning to pro-representability and formally smoothness and dimension formula of 
D w - 

Proposition 1.1. ( Corollary \2.30\) Let W be an E-B-pair of rank n. If W satisfies 
the following conditions, 

(1) End GA ,(yy)=£ ; 

(2) H 2 (G A -,ad(yy)) = ; 

then the functor Dw is pro-representable by Rw such that 

R w ^ E[[T U ■■■ , T d )] where d := [K : Q p ]n 2 + 1. 

In § 2.3, we study the other more important type of deformation, i.e. trianguline 
deformation. Let yy be a split trianguline E-B-paii of rank n and T : C W\ C 
yy 2 C ■ • • C yy„_i C W n = W be a fixed triangulation of W. For any A £ C E , 
we say that (Wa, t, 7a) is a trianguline deformation of (W, T) over A if (Wa, l) is 
a deformation of W over A and Ta : C W\^a Q • • • Q Wn-i,A ^ Wn,A = Wa 
is an A-triangulation of Wa ( i.e. W^a is a saturated sub A-B-pair of py^ such 
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that W^a/Wi^a is a rank one A-_B-pair for any i) such that l{W,^a ©a E) = Wi 
for any i. We define the trianguline deformation functor D w ,t '■ Ce (Sets) of 
(W, T) by D W1 -(A) := {equivalent classes of trianguline deformations (Wa, l, 7a) 
of (W, 7~) over A}. We prove the following proposition concerning to the pro- 
representability and formally smoothness and dimension formula of this functor, 
which is a generalization of Proposition 3.6 of [Ch09bJ for any p-adic field. 

Proposition 1.2. (Proposition 2.40\ ) Let W be a split trianguline E-B-pair of 
rank n with a triangulation 7~ : C W\ C • • • C W n -\ C W n = W . We assume 
that (W, T) satisfies the following conditions, 

(0) End Gx (W0 = £, 

(1) For any 1 ^ i < j ^n, Sj/Si ^ U aeV (? K for any {k a } aEV € Haer %o 

(2) For any 1 ^ % < j ^ n, 5i/5j ^ \N k /q p \ U ae v ° ka f or an V {K}aev € 
YlaeV ^1; 

then D W1 - is pro-represented by a quotient ring Rw,r °f Rw su °h that 
R WtT E[[T 1} ■ ■ ■ ,T dn \] where d n := 1 ^ } [K : Q p ] + 1. 

In § 2.4, we define the notion of benign E-B-p&irs, which forms a special good 
class of split trianguline and potentially crystalline _E-.B-pairs, and prove a theorem 
concerning to tangent spaces of the deformation rings of this class. In § 2.4.1, we 
define the notion of benign E-B-p&irs , in |Ch09b] this class is called generic, in 
this article we follow the terminology of [KilOj. Let If be a potentially crystalline 
E'-.B-pair of rank n such that is crystalline for a finite totally ramified abel 

extension L of K (we call such a representation a crystabelline representation). We 
assume that D^ lis (W) := (B ciis ® Be W e ) Gh = K © Qp Ee 1 ®---®K © Qp Ee n such 
that K ©q p Eei are preserved by (99, Gal(L/if))-action and that ^(ei) = a^ei for 
some a,i G E x , here / := [Kq : Q p ] and Kq is the maximal unramified extension 
of Q p in K. We denote by {fci^.^er, • • • , k n>a } a ,K^K ^ ne Hodge- Tate weight of W 
such that ki )Cr ^ k^a = ■ ■ ■ = k n ^ for any a : K <— > K, in this paper we define the 
Hodge- Tate weight of Q p (l) by 1. Let & n be the n-th permutation group. For any 
t G & n , we can define a filtration on D^ ris (W) by C K Q ©q p Ee T {\) C K ©q p 
Ee T{1) © K © Qp Ee T{2) C • • - C #0 ® Qp Ee r(1) © ■ ■ ■ © K © Qp Ee r(n _ 1) C D^ is (W) 
by sub ^-filtered (<p, Gk)- modules, where the filtration of K ©q p Ee T m © • ■ ■ © 
Kq ©q p Ee T (i) is the one induced from that of D% R (W) = L ® Ko D^ lis (W). By 
the equivalence between the category of potentially crystalline -B-pairs and the 
category of filtered ((p, Gk) -modules, for any r G & n we obtain the triangulation 
% : C W T) i C W T> 2 C • • • C Wr )Tl = such that is potentially crystalline 
and D^ is (W Tji ) ^> K ©q p Ee r( i) ©■•■9if ©q p -Ee r(i) for any l^i^n. 

Under this situation, we define the notion of benign E-B-^aim as follows. 



Definition 1.3. Let W be a potentially crystalline E-5-pair of rank n as above. 
Then we say that W is benign if W satisfies the following; 
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(1) For any i ^ j, we have azi/aj ^ l,pf,p~f, 

(2) For any cr : K >• K, we have k la > k 2>a > - • • > fc n _i j(T > k n>a , 

(3) For any r G (5 n and 1 ^ i ^ n, the Hodge- Tate weight of W T) i is 

In § 2.4.2, we prove the main theorem of § 2. Let W be a benign i?-I?-pair 
of rank n as above. For any r 6 & n , we can define the trianguline deformation 
functor D\v,t t ■ Let Rw be the universal deformation ring of Dw and Ry/,%- be the 
universal deformation ring of Dw,r T f° r ari Y T £ ©n- Let t(-Riy) and t(Rw,%) be the 
tangent spaces of and Rw,T T - F° r an Y r £ ©n, £(-Rvk,t t ) is a su b -E- vector space 
of t(R\y)- The main theorem of § 2 is the following, which is the generalization of 
Theorem 3.19 of [Ch09bj for any p-adic field. 

Theorem 1.4. ( Theorem \2.61\) Let W be a benign E-B-pair of rank n, then we 
have an equality 

/ J t(Rw,%) — t(Rw)- 

This theorem is a crucial local result for applications to some Zariski density 
theorems of local or global p-adic Galois representations. In fact, using this the- 
orem for K = Q p , Chenevier ( [Ch09b] ) proved a theorem concerning to Zariski 
density of unitary automorphic Galois representations in universal deformation 
spaces of three dimensional self dual p-adic representations of Gf for any CM field 
F in which p splits completely. Moreover, this theorem is also a crucial result for 
the proof of Zariski density of crystalline representations in universal deformation 
spaces of p-adic Galois representations of p-adic fields. In the rest of this paper 
§ 3 and §4, we apply this theorem only for the two dimensional case. Using this 
theorem for K = Q p , Chenevier ( [ChlO] ) recently proved Zariski density of crys- 
talline representations for higher dimensional and K = Q p case. In the next paper 
( |Nallj ). the author uses this theorem for proving Zariski density of crystalline 
representations for higher dimensional and any p-adic field case. 

In § 3, we construct p-adic families of two dimensional trianguline representa- 
tions for any p-adic field by generalizing Kisin's theory of finite slope sub space Xf s 
in |Ki03] for any p-adic field. As in Q p case of |Ki03j . |KilOj . this family is essential 
for the proof of Zariski density of two dimensional crystalline representations in 
§4 and for p-adic Hodge theoretic studies of Hilbert modular eigenvarieties, which 
will be a subject in author's subsequent works. 

In § 3.1, we prove some propositions concerning Banach G^-modules which we 
need for constructing p-adic families of trianguline representations. In particular, 
we show that these Banach G^-modules can be obtained naturally from some 
almost C p - representations QFoQ3j). For us, one of the important properties of 
these Banach G^-modules is orthonormalizability as Banach modules over some 
Banach algebras. All these properties follow from some general facts of almost 
Cp-represent at ions . 
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In § 3.2, for any separated rigid analytic space X over E and for any finite 
free Ox-module M with a continuous G^-action and for any invertible function 
Y on X, we construct a Zariski closed sub rigid analytic space Xf s of X, which 
is "roughly" defined as the subspace of X consisting of points x G X such that 

D trd M ^)Y f=Y{x) + °> where M ( x ) is the fiber of M at x and / := [K : QJ. 
For the precise characterization of Xf s , see Theorem 13.91 This construction is the 
generalization of Kisin's Xf s in §5 of |Ki03] for any p-adic field. After obtaining 
the results in § 3.1, the construction and the proof is almost all the same as that of 
|Ki03] . a difference is that we need to consider all the embeddings r : K c — >■ K. But, 
for convenience of readers or the author, we choose to re-prove this construction 
in full detail. 

In § 3.3, we apply this construction to the rigid analytic spaces associated to the 
universal deformation ring of two dimensional mod p- representations of Gk- Let 
p : Gk —> GL.2(F) be a two dimensional mod p representation of Gk, where F is the 
residue field of E. For simplicity, in this paper, we assume that Endf[G K ](p) = F, 
then there exists the universal deformation ring Rp of p, which is a local complete 
noetherian (9-algebra, where O is the integer ring of E. Let X(p) be the rigid 
analytic space over E associated to Rp. The universal deformation V umv of p over 
Rp defines a rank two free Cx(p)-module V nnn with a continuous 0x(p)-fmear en- 
action. X(p) parametrizes p-adic representations V of Gk whose reductions are 
isomorphic to p for some G^-stable lattices of V. Let W be the rigid analytic space 
over E which represents the functor D w : { rigid analytic spaces over E} — > (Sets) 
defined by D W (X) := {5 : K —> 0\ : continuous homomorphisms } for any rigid 
analytic space X over E. Let 5 umv : K — > be the universal homomorphism. If 
we fix a uniformizer ttk G K, there exists unique character ^ umv ; G^ — > O^L such 
that 5 univ orec^| x = 5 univ and 5 univ o rec K (7r K ) = 1, where rec^ : K ^ Gf is the 
reciprocity map of local class field theory. We denote by X(p) := X(p) x E Wx E 
and denote by Pl : X(p) -)• X(p), p 2 : X{p) -)• W and p 3 : X(p) G™ E 
the canonical projections. For any x G X(p), we denote by E(x) the residue 
field at x which is a finite extension of E. For any two dimensional trianguline 
representation V G X(p) with a triangulation T : C C ^(V" ®^ £") 

for some E', we define a point X(y,T) := ^i|o > ^li^K)) G We define 

M := p*(\/ univ )((p^ univ )- 1 ) a rank two e> x{/5) - module with a continuous X (py 
linear G^-action. Let Y := p%(T) G ^x(p) De ^ ne puhback of the canonical 
coordinate of &^e- ^ we a PPly the construction of X/ s to the triple (X(p), M, Y), 
we obtain a Zariski closed sub rigid analytic space X(p) f s of X(p), which we denote 
by S(p) := X(p)f s . The main result of § 3 is the following theorem (see Theorem 
13.161 and Theorem 13.211 for more precise statements), which is a generalization of 
Proposition 10.4 and 10.6 of [Ki03] . 

Theorem 1.5. £(p) satisfies the following properties. 

(1) For any point x := (\V X ], 5 X , X x ) G £(p), V x is a trianguline representation. 
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(2) Conversely, if x = [V x ] G X(p) is a point such that V x is a split trianguline 
E(x) -representation with a triangulation T : C W{8\) C satis- 
fying all the conditions in Proposition 1 1 . 4 £/ien i/ie pomt 27vi,T) £ ^(p) 
defined above is contained in £{p). 

(3) For any point X(y x ,T) as ^ n (2); there exists an isomorphism Os(p), X(Vx T) ~> 
Rv x ,Tj i> n particular £{p) is smooth of dimension 3[K : Q p ] + 1 at such 
points. 

In the next paper ( |Nall] ) , the author will generalize all these results for higher 
dimensional case. 

In the final section § 4, as an application of § 2 (in the two dimensional case) and 
of § 3, we prove the following theorems concerning Zariski density of two dimen- 
sional crystalline representations. We denote by X(p) reg _cris := {x G X(p)\V x (the 
p-adic representation corresponding to x) is crystalline with Hodge- Tate weight 
{h,a,k 2 ,a} a ;K^K sucn tnat k l><T ^ k 2 , g for any a}, X(p) h := {x G X{p)\V x is 
crystalline and benign }. We denote by X(p) h the Zariski closure of X(p)b in X(p). 



Theorem 1.6. ( Theorem \4-H\ If X(p) Ieg -cns is non empty, then X(p) h is non 



empty and a union of irreducible components ofX(p). 

We note that we can prove all the above theorems even if Endc K (p) 7^ F without 
any additional difficulties using the universal framed deformations instead of using 
usual deformations. 

Moreover, under the following assumptions, we prove the following stronger 
theorem. 

Theorem 1.7. {Theorem \4-16^ We assume the following conditions, 

(0) End Gif (p) = F, 

(1) £(p) rC g_ cris is not empty, 

(2) p7^( n ) (g) x for any \ '■ Gk F x ; where tu is the mod p cyclotomic 



u / 
character, 

(3) [K(Q : K] ^ 2 or, for any x, P\i K + ( ^ _i P f ) ® X such that i - 2 



\T 

where ( p is a primitive p-th root of 1 and \2 '■ Ik — * F x is a fundamental 
character of the second kind, 



then we have an equality X(p) h = X(p). 

This theorem generalizes the results of Colmez ( |Co08j ) and Kisin ( |Kil0j ) for 
any p-adic field case. As in stated in the above paragraph, Chenevier recently 
proved similar results for higher dimensional and for K = Q p and the author will 
prove these theorems in full generality (i.e. for higher dimensional and for any 
p-adic field) in the next paper. 
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Notation. Let p be a prime number. K be a finite extension of Q p , if a fixed 
algebraic closure of K, Kq the maximal unramified extension of Q p in if, K nor the 
Galois closure of K in if. Let Ga' : = Gal(if/if) be the absolute Galois group of 
if equipped with pro-finite topology. Ok is the ring of integers of if, n K e Ok is 
a uniformizer of if, := Ok/^kOk is the residue field of if, q = pf := Jj/c is the 
order of k, Xp '■ Gk — > ^ p is the p-adic cyclotomic character (i.e. g(C p n ) = Cp^ 

for any p n -th roots of unity and for any g 6 Gk)- Let C p := if be the p-adic 
completion of if, which is an algebraically closed p-adically completed field, and 
Oc p be its ring of integers. We denote by v p the normalized valuation on C* such 
that v p (p) = 1. We denote by | — \ p : C p — > the absolute value such that 
\p\ p = K Let E be a finite extension of Q p in K such that K nor C E. In this 
paper, we use the notation £ as a coefficient field of representations. We denote 
by V :— {a : K <^-> if} = {a : if > E} the set of Q p -algebra homomorphisms 
from K to K ( or Let xlt : Gjt — >■ 0^ ^ ^e the Lubin-Tate character 
associated with the fixed uniformizer ttk- Let rec^ : K x — > be the reciprocity 
map of local class field theory such that rec k{itk) is a lifting of the inverse of q-th 
power Frobenius on k, then xur ° rec^ : K x — » satisfies xlt ° recA-(TTA') = 1 
and xlt ° rec k \ c x = id £ . 
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2.1. Review of fi-pairs. 

2.1.1. E-B -pairs. We start by recalling the definition of E-B-p&irs ( [Be09] , |Na09] ) 
and then recall fundamental properties of them established in |Na09] . First, we 
recall some p-adic period rings ([Fo94]) which we need for defining 5-pairs. Let 



power maps. It is known that E + is a complete valuation ring of characteristic p 
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2. Deformation theory of trianguline 5-pairs. 




whose valuation is defined by v(x) := v p (x^) (here x = (x^)n^o E l^im^ 0<c p ). We 
fix a system of p n -th roots of unity {e^} n ^ such that = 1, ^ n+1 ^) p = e^ n \ 
^ 1. Then e := (e^) is an element of E + such that v(e — 1) — p/(p — 1)- Gk 
acts on this ring continuously in natural way. We put A + := VF(E + ), where, for a 
perfect ring R, W(R) is the Witt ring of R. We put B + := A + [^]. These rings are 
equipped with the weak topology and also have natural continuous G^-actions and 
Frobenius actions ip. Then we have a Gif-equivariant surjection 9 : A + — > 0<c p : 
YlT=oP k [ x k] ^ YlT=QP kx ^k > i where [ ] : E + — > A + is the Teichmiiller lifting. By 
inverting p, we obtain a surjection B + — > C p . We put B^ R := lim B + /(Ker(#)) n , 
which is a complete discrete valuation ring with residue field C^Tand is equipped 
with the projective limit topology of the Q p -Banach spaces B + /(Ker(#)) n whose 
Zp-lattice is the image of the natural map A + — > M + /(Ker(6)) n . Let A mSLX be the 
p-adic completion of A + [^], where p := (p^) is an element in E + such that p^> = 
P, (p^Y = pW. We put B+ ax := A nax [i]. A max and B?+ ax have continuous G K - 
actions and Frobenius actions ip. We have a natural G^-equivariant embedding 
K®K B+ ax ^ B+ R . If we put t := log([e]) = £~ ^-l^M^, then we can see 
that t E A max , ip(t) = pt,g(t) = x P (g)t for any g E G K and Ker(6>) = tB+ R C B+ R 
is the maximal ideal of -Bj~ R . If we put B max := B+ ax [±], B dR := S+ R [|], we 
have a natural embedding K ® Ko -B max >— > _B dR . We put B e := -B£ ax on which 
we equipped the locally convex inductive limit topology of B e = U n (p r -B+ ax ) l/ ' =1 , 
where the topology on each (^i?+ ax ) v=1 = ^-B+ a ^ =p ™ is induced that of -B^ax- We 
put FiP£? dR := t*-B dR for any i £ Z. On -BdR, we also equipped with the locally 
convex inductive limit topology of B AR = lim^ ^--B"^. 

In this paper, we fix a coefficient field of p-adic representations or .B-pairs of 
Gk- Hence we start by recalling the definition of ^-coefficient versions of p-adic 
representations and .B-pairs. 

Definition 2.1. An ^-representation of Gk is a finite dimensional E'-vector space 
V with a continuous E- linear action of Gk- We call ^-representation for simplicity 
when there is no risk of confusion about K. 

Definition 2.2. A pair W := (W e , W+ R ) is an B-B-pair if 

(1) W e is a finite B e Cg)Q p B-module which is free over B e with a continuous 
semi-linear G^-action. 

(2) W^ R is a Gx-stable finite sub B^ R <S)q p E- module of -BdR ® Be W e which 
generates -BdR ® B e W e -BdR-module. 

We have an exact fully faithful functor W(-) from the category of E- representations 
to the category of B- .B-pairs defined by 

W{V) := (B e ® Qp V,B+ R ® Qp V) 

9 



for any ^-representation V, where the fully faithfulness follows from Bloch-Kato's 
fundamental short exact sequence, 

->■ Q p ->■ B e © B+ R 5 dR 0. 

W e is a free B e ®q p E 1 - module and is a free 5^ ®q p E-module by Lemma 1.7, 
1.8 of [Na09] . We define the rank of W by 

rank(H/) := nmk B ^ QpE {W e ). 

For E-5-pairs Wi := (Wi >e , W^ dR ) and W 2 := (W 2 , e , W 2 + dR)> we define the tensor 
product of W\ and W 2 by 

^ g, W 2 := {W 1>e ® Be ® Qp E W 2 , e , W+ dR ® B + R0QpB ^r) 

and define the dual of W\ by 

W? := (Hom Be0Qj;E (W 1)e , 5 e ® Qp E), W^ R ) 

where we define 

Km := {/ e Hom BdR0Op£ ( J B dR ® Be W 1>e , £ dR ® Qp £)|/(^+ dR ) C B+ R ® Qp £}) 

(remark: there is a mistake in definition 1.9 of |Na09] ) . The category of E-.B-pairs 
is not an abelian category. In particular, an inclusion W\ e — >■ W 2 does not have a 
quotient in the category of E-B-p&irs in general. However we can always take the 
saturation 

W* at := W^/jf) 

such that Wf at sits in Wf* ^ W 2 and W\ fi = Wff an d W 2 /Wl a,t is an 

E-iJ-pair (Lemma 1.14 of [Na09] ). We say that an inclusion W\ ^ W2 is saturated 
if W 2 /Wi is an E-_B-pair. 

Next, we recall p-adic Hodge theory for _B-pairs. Let W = (W e , W dR ) be an 
E'-.B-pair. We define 

D clis (W) := (B ciis ® Be W e f K , D^ S (W) := (B ciis ® Be W e f L 

for any finite extension L of K and define 

D dR (W) := (B dR ® Be W e ) G «, D RT ( W ) := (B RT ® Cp (W d +/tW d +)) G ^, 

here -Brt := C P [T, T _1 ] on which Gk acts by g(aT l ) := x P (g)*g(a)T* for any 
<? G Ga', a G C p , i G Z. 

Definition 2.3. We say that H 7 is crystalline (resp. de Rham, resp. Hodge- Tate) 
if dimjr,,D*(W) = [E : Q p ]rank(W) for * = cris (resp. * = dR, resp. * = HT), 
where = K when * = cris and K* = K when * = dR, HT. We say that W is 
potentially crystalline if dim Lo (D^ ris (W)) = [E : Q p ]rank(H / ) for a finite extension 
L of K, where L is the maximal unramified extension of Q p in L. 

Definition 2.4. Let L be a finite Galois extension of K and Gl/k '■= Gal(L/K). 
We say that D is an ^-filtered ((p, Gx/#)-module over K if 

10 



(1) D is a finite free L £8>q p E- module with a (p- semi- linear action (p£> and 
a semi-linear action of Gl/k such that tpo '■ D — )■ D is an isomorphism 
and that </9d and G^/i^-action commute, where (tp-) semi-linear means that 
(Pd((i ® b • x) = ip(a) <g> 6 • </j£>(a;), g(a (8) 6 • x) = g(a) <g> 6 • for any 
a G Lo, b E E,x E D,g E G L / K . 

(2) := L®l D has a separated and exhausted decreasing filtration FiP-D^ 
by sub L <8)q ^-modules such that the G^^-action on Di preserves this 
filtration. 

Let W be a potentially crystalline E- IB-pair such that W\g l is crystalline for 
a finite Galois extension L of i^, then we define an .E-filtered (</?, Gl /^-module's 
structure on _D^ is (W) as follows. First, -D^fW) has a Frobenius action induced 
from that on £> cris and has a Gx/x-action induced from those on _B cris and W e . We 
define a filtration on L ® Lo D^ lis (W) = L ® K D dR (W) by 

Fif(L <g> L() D^ m (W)) := (L ® x L> dR (W)) fl fW+ R . 

Let Z) := L e be a rank one Q p -filtered (</>, G^/A^-module with a base e, then 
we define t^(D) := v p (a) where Pd(g) = ot ■ e and define tn(D) '■= i such that 
Fil'Z)i/Fil i+1 £)x, ^ 0. For general D of rank d, we define t^p) := t N (A d D), 
tn(D) '■= ^_H"(A d -D). Then we say that D is weakly admissible if t N (D) = tn(D) 
and tjv(-D') = tn{D ; ) for any sub Q p -filtered (</?, G£/ir)-module .D' of D. 

Theorem 2.5. Lei L 6e a finite Galois extension of K, then we have the following 
results. 

(1) The functor W !->■ -D^ ris (PF) gives an equivalence of categories between the 
category of potentially crystalline E-B-pairs which are crystalline if re- 
stricted to Gl and the category of E- filtered (p, Gl/k) -modules over K. 

(2) Restricting the above functor to E -representations, the functor V i— > D^ ris {V) 
gives an equivalence of categories between the category of potentially crys- 
talline E -representations which are crystalline if restricted to Gl and the 
category of weakly admissible E-filtered (p, Gl/k) -modules over K. 

Proof. See Proposition 2.3.4 and Theorem 2.3.5 of [Be09j or Theorem 1.18 of 
|Na09j . □ 

Next, we recall the definition of trianguline E-B-pairs, whose deformation theory 
we study in detail in this chapter. 

Definition 2.6. Let W be an E-B-pair of rank n, then we say that W is split 
trianguline if there exists a filtration 

T : C W 1 C W 2 C • ■ ■ C W n = W 

by sub E'-.B-pairs such that W{ is saturated in W i+ \ and W i+ i/Wi is a rank one 
E-B-pair for any ^ i ^ n — 1. We say that W is trianguline if W ®e E' , the 
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base change of W to E', is a split trianguline E'-B-p&ir for a finite extension E' 
ofE. 

By this definition, to study split trianguline E-B-pa.irs, it is important to classify 
rank one E-B-p&irs and calculate extension classes of rank one E-B pairs, which 
were studied in [Na09j . We recall some results concerning these. 

Theorem 2.7. There exists a canonical one to one correspondence 5 h- > W(5) 
between the set of continuous homomorphisms 5 : K x — > E x and the set of iso- 
morphism classes of rank one E-B-pairs. 

Proof. See Proposition 3.1 of |Co08j for K = Q p and Theorem 1.45 of [Na09j for 
general K. For the construction of W(8), see §1.4 of [Na09j. □ 

This correspondence is compatible with local class field theory, i.e. for a unitary 
homomorphism 5 : K x — > 0% if we take the character 6 : G^? — > satisfying 
5 o rec^- = 5, then we have an isomorphism 

W{8) ^ W(E(8)). 

This correspondence is also compatible with tensor products and with duals, i.e 
for continuous homomorphisms 81,82 '■ K x E x , we have 

W{8 X ) g> W(8 2 ) ^ W(<W and W^Y ^ W{8^). 

There are some important examples of rank one E-B-p&irs which we recall now. 
For any {k a } ae -p G rio-ep ^' we define a homomorphism 

Ha k °:K*^E*:y^l[o-(y) k °, 

then we have an isomorphism 

W(Y[ o k °) ^ (B e ® Qp E, ®^ v t k "Bt n ® K ,a E) 
o-ev 

( Lemma 2.12 of [Na09] ). Let N K/Qp : K x ->■ Q* be the norm and | - | : Q* -> 
Q x e — >■ E x be the p-adic absolute value such that \p\ = -, and we define \Nk/q p \ ' 
K x — )■ E x the composite of Nk/q p and | — |, then we have an isomorphism 

W(\N K/Qp \l[a)^W(E(x P )), 

which is the E-B-p&ir associated to p-adic cyclotomic character. Next, we recall 
the definition and some properties of Galois cohomology of E-B-p&irs. For an E- 
-B-pair W := (W e , W^ R ), we put W^r '■= B d R®B e W e . We have natural inclusions, 
W e W d R, W~[ R W dR . We define the Galois cohomology W{G K , W) of W as 
the continuous cochains' cohomology of the complex 

W e © W+ R ->• W dR :(x,y)t->x-y 
12 



(see the appendix of this article or §2.1 of [Na09j for the precise definition). As 
in the usual p-adic representation case, we have the following isomorphisms of 
E- vector spaces 

H°(Gk, W) ^ Rom GK (B E , W), U\G K , W) ^ Ext\B E , W), 

where Be '■= (B e ®q p E, B^ r ®q p E) is the trivial E-B-pa.ir and Hom^ (— , — ) is 
the group of homomorphisms of E-B-p&irs and Ext 1 (— , — ) is the extension class 
group in the category of i?-£>-pairs. If V is an E- representation of Gk, we have a 
canonical isomorphism 

W(G K ,V)^W(G K ,W(V)), 

which follows from Bloch-Kato's fundamental short exact sequence. Moreover, we 
have the following theorem, Euler-Poincare characteristic formula and Tate duality 
theorem for .B-pairs. 

Theorem 2.8. Let W be an E-B-pair. 

(1) For i = 0, 1, 2, W(G K , W) is finite dimensional over E and W(G K , W) = 
fori^ 0,1,2. 

(2) Ej^-l^dW^G^WO = [K : Q p ]rank(W0. 

(3) Let W be a Q p -B-pair. For any i = 0,1,2, there is a natural perfect pairing 
defined by cup product, 

W(G K , W) x H 2 -*(G*r, W y ( Xp )) -> H 2 (G K , W ® W^ Xp )) 

^H 2 (G K ,W(Q p ( Xp ))^Q P , 
where the last isomorphism is Tate's trace map. 

Proof. See Theorem 15.91 and and Theorem 15.101 in the appendix. □ 

Using these formulae, we obtain the following dimension formulae of Galois 
cohomologies of rank one i?-.B-pairs. 

Proposition 2.9. Let 6 : K x — > E x be a continuous homomorphism, then we 
have: 

(1) K°{G K ,W{5)) ^ E if 5= Uaev 17 ^ such that {^W e Uaev Z So , an d 
E°{G K ,W{5)) = otherwise. 

(2) R 2 (G K , W(5)) ^Eif5= \N K/Qp \ U^v ° k ° such that {k*}*ev e Ylaev ^ 
and B. 2 (G K , W(5)) = otherwise. 

(3) dim E n l (G K , W{5)) = [K:Q p } + lif5 = U^v^ such that {Khev e 
Ylaev %o or 5 = \N K/ Q p \Y[ aeP a k " such that {k a } aeV G Yl aeV %^i, and 
dim s H 1 (G , K,W / (5)) = [K : Q p ] otherwise. 

Proof. See Theorem 2.9 and Theorem 2.22 of [Co08] for K = Q p . For general K, 
the results can be proved by using Proposition 2.14 and Proposition 2.15 of [Na09j 
and Tate duality for 5-pairs. □ 
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2.1.2. B-pairs over Artin local rings. Here, we define I?-pairs with Artin ring co- 
efficients, which we need to define the notion of deformations of E-B-pairs. Let 
Ce be the category of Artin local B-algebra A with the residue field E. The mor- 
phisms in Ce are given by local .E-algebra homomorphisms. For any A G Ce, 
we denote by the maximal ideal of A. We define the A-coefficient version of 
-B-pairs as follows. 

Definition 2.10. We call a pair W := (W e , W£ n ) an A-E-pair of G K if 

(1) W e is a finite B e £g>Q p A- module which is flat over A and is free over B e , 
with a continuous semi-linear Gx-action. 

(2) W^ R is a finite generated sub B^ R ®q p A- module of B^r ®B e W e which is 
stable by the G^-action and which generates B dR ®b £ W e as a B dK £§>q p A- 
module such that W^/tW^ is flat over A. 

For an A-E-pair W := (W e , W d +), we put W dR := B dR ® Be W e . 

We simply call an A-B-pair if there is no risk of confusing about K. 

Lemma 2.11. Let W := (W e , W^ R ) be an A-B-pair. Then W e is a finite free 
B e ®Q p A-module, W dK is a finite free B^ r ®q p A-module and W^/tW^ is a finite 
free C p <S>q A-module. 

Proof. First, we prove for W e . Because the sub module m^W^ Q W e is a Gk- 
stable finite generated torsion free -B e -module and because B e is a Bezout domain 
by Proposition 1.1.9 of |Be08j . m^Wg is a finite free S e -module by Lemma 2.4 
of [Ke04|. By Lemma 2.1.4 of [BeOHj, the cokernel W e ®a E is also a finite free 
5 e -module (with an E- action). By Lemma 1.7 of [Na09j . W e ®a E is a finite 
free B e ®q p -B-module of some rank n. We take a B e ®q p A-linear morphism 
/ : (B e ®q p A) n — > W e which is a lift of a B e ®^ p B-linear isomorphism (B e ®q p 

E) n W e ®AE. Because A is Artinian, then / is surjective. Because W e is A-flat, 
we have Ker(/) ®aE = 0, hence Ker(/) = 0. Hence W e is a free B e £g>Q p A-module. 

Next, we prove that W^ R is a free B^ R ®q p A-module. Because W e is a free 
B e ®q p A-module, W dR is a free B dR ®Q p A-module, in particular this is flat over A. 
Because W^ R /tW^ R is a flat A-module, H^r/H^r is also a flat A-module. Hence 
W^ R is also flat over A. By the A-flatness of W^r/WJ^, we have an inclusion 
W^ R <S>a E > WdR <8U E, hence ®^ E is a finite generated torsion free B^ R - 
module, hence free B^ R - module. By Lemma 1.8 of [Na0 9]. we can show that W^ R 
is a free B^ R <S>q p A-module in the same way as in the case of W e . C p £g>Q p A-freeness 
°f ^dR./*^dR. foH ows fr° m B^ R ®q p A-freeness of W^. 

□ 

Definition 2.12. Let W = (W e , W^) be an A-5-pair. We define the rank of W 
by rank(W) := rank Be ® QpA (W e ) . 
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Definition 2.13. Let / : A — >■ A' be a morphism in Cg and = (W e , W dR ) be 
an A-B-pa.ii. We define the base change of W to ^4' by 

W ® A A' := (W e ® A A', W+ R ® A A'). 

By Lemma 12.111 we can easily see that this is an A'-B-pair. 

Definition 2.14. Let W x = (W^W^), W 2 = (W ej2 ,W+ R2 ) be A-5-pairs. 
We define the tensor product of W x and W 2 by W\ <g> W 2 : = (W e A ®B e ®Q A 

W e ,2, WdR,l®B d + R ®Q p A W dR, 2 ) , and define the dual ° f W l b y W l ■= (Hom Be8QpA (W e) i ) 

B^A), Here, := {/ 6 Hcmi^^ A (W d H,i,S dR ® Qp A)|/(W^ 1 ) C 

-^dR ®Qp By Lemma [2.1 11 we can easily see that these are A-5-pairs. 

Next, we classify rank one A-5-pairs. Let 5 : K x — ^ A x be a continuous 
homomorphism, then we define a rank one A-B-pair W(S) as follows. Let u E E x 
be the reduction of u := 8(itk)- We define a homomorphism Sq : K x — > A x such 
that So\ x = S\ x , 5q(ttk) = u/u. Because u/u G 1 + , {u/u) pn converges to 

1 E A x . If we fix an isomorphism K x ^ 0\ x Z : h> (v, n) (v G C^-), then <5 
uniquely extends to a continuous homomorphism : X Z — >■ xZ p 4 A x . 
By local class field theory, then there exists unique character 5q : G^? — >■ A x 
such that 5 = S o rec^, where rec^ : K x — > G^ is the reciprocity map as 
in Notation. Using Sq, we define an etale rank one A-B-pair W(A(Sq)), which 
is the A-i?-pair associated to the rank one ^-representation A(5q). Next, we 
define a non-etale rank one A-B-p&ir by using u G E x . For this, first we define 
a rank one ^-filtered ^-module D a := K £g>Q p Ee Q such that ^ (e fi ) := we s and 
Fil°(K <g>^ £)„) := K ® Ko D u , Fil 1 (if <g> Xo As) := 0. From this, we obtain the 
rank one crystalline i?-5-pair W^(.D S ) such that D CTis (W(D u )) ^> .D s which is 
pure of slope ^pM, By tensoring these, we define a rank one A-B-pair W(5) by 

W(8) := (W(Ai) A) <g) W(A(5 Q )), which is pure of slope 

The following proposition is the A-coefficient version of Theorem 1.45 of |Na09j . 

Proposition 2.15. This construction 5 t— > W(S) does not depend on the choice of 
uniformizer ttk and gives a bisection between the set of continuous homomorphisms 
5 : K x — > A x and the set of isomorphism classes of rank one A-B-pairs. 

Proof. The independence of the choice of uniformizer and the injection is proved in 
the same way as in the proof of Theorem 1.45 of |Na09j . We prove the surjection. 
Let W be a rank one A-B-pair, then as an E-B-pair, W is a successive extension 
of rank one E'-.B-pair W ®a E. W £S>a E is pure of slope -p- for some n G Z by 
Lemma 1.42 of |Na09j . Hence, by Theorem 1.6.6 of |Ke0 8] . W is also pure of slope 
j^. We define a rank one i?-filtered module D^n := Kq ®q p Ee^n in the same 
way as in D a , where tte is a uniformizer of E, then W £g> (W(D n n) §?) E A) v is pure 
of slope zero by Lemma 1.34 of |Na09j . Hence, there exists 5' : Gf? — > A x such 
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that W <g> (W(D n n) ® E A) y ^ W{A{8')). We put 5' := 8' o rec K : K x ->■ A x and 
define 5 : — > A x such that 5| x := 5'\ x and 5(7r#) := S'^k)^, then we have 

an isomorphism W W(5), which can be easily seen from the construction of 
W(S). 

□ 

By local class field theory, we have a canonical bijection 5 >->■ A(8) from the 
set of unitary continuous homomorphisms from K x to A x (where unitary means 
that the reduction of the image of 8 is contained in O e ) to the set of isomorphism 
class of rank one A- representations of Gk, where 8 : G ^ — > A x is the continuous 
homomorphism such that 8 = 8 o rec^. By the definition of W(8) and by the 
above proof, it is easy to see that there exists an isomorphism W(8) ^> W(A(8)) 
for any unitary homomorphism 8 : K x — > A x . Moreover, it is easy to see that 
for any continuous homomorphisms 81,82 '■ K x — > A x we have isomorphisms 
<g> W{8 2 ) ^ W(8!8 2 ) and W(8 X Y ^ W(8^). 

Next, we generalize the functor D cris to potentially crystalline A-_B-pairs. First, 
we define the A-coefficient version of filtered (tp, G^)-modules. Let L be a finite 
Galois extension of K, we denote by G l /k '■= Gal(L/K). 

Definition 2.16. Let A be an object of Ce- We say that D is an A-filtered 
(tp, G^/x)-module of if -D satisfies the following conditions. 

(1) D is a finite L ®q p A- module which is free as an A- module with a ^-semi- 
linear action tp : D D. 

(2) Dl := L <S>l D has a decreasing filtration Fi\ l Dl by sub L ®q p A- modules 
such that Fi\ k D L = and Fil~ k D L = D L for sufficiently large k and that 
Fi\ k D L /Fi\ k+1 D L are free A-modules for any k. 

(3) Gl/k acts on D by L Cg>Q A-semi-linear automorphism which commutes 
with the action of tp and preserves the filtration. 

Remark 2.17. Using the ^-structure on D, we can see that D is a free L <S)q p A- 
module. 

Let Wa '■= (Wa,c W\ dR ) be an A-5-pair such that Wa\g l is crystalline (as 
an .E-5-pair) for a finite Galois extension L of -ft'. As in the case of i?-5-pairs, 
we define D^ V1S (W a) '■= (B ciis ® Be W e ) GL with a ^-action induced from that on 
B cris , then the natural map L ® io ££; s (Wa) ->■ ^(^a) := (5 dR ® Be W c ) Gl is 
isomorphism. We define Fil k D% R (W A ) := ^(WU) n t fc W^_ for any fc e Z. These 
are equipped with a G^/^-action naturally. 

Lemma 2.18. In the above situation, D^ x - is (Wa) is an A-filtered (tp, Gl/k) -module 
ofK. 

Proof. It suffices only to show the A-freeness of D^ is (W A ), Fi\ k D^ R (W A ), Fi\ k D^ R 
(W A )/Fi\ k+1 D^ K (W A ). Here, we only prove the A-freeness of D^ vis {W A ), other cases 

16 



can be proved in a similar way. By the exactness of D^ Tis f° r -E--B-pairs which are 
crystalline when restricted to Gl, we have a natural isomorphism D^ 1s {Wa) ®a 
N —¥ D^ t - is {Wa ®a N) for any finite A-module N. From this, for any A-linear 
injection N\ e — >■ N 2 of finite A- modules, we have an inclusion D^ s {Wa) ®a N\ = 
D^ a {W A ®a N x ) D^ S (W A ®a N 2 ) = D^ S (W A ) ®a N 2 because W A , e is A-flat. 
Hence, D^ is (W A ) is A-flat. □ 

Conversely, let D be an A-filtered (if, Gl/k )-module of K, then we define 
W e (D) := (B cris <g) L() Dy =1 . We have a natural isomorphism B dR ® Be W e (D) 4 
B dR ® L D L . We define W+ R (D) := Fil°(Affl ® L -Dl) C E dR ® Be W e (D). We write 
VF(D) := (W e (D),W d + R (D)) which is a potentially crystalline E-B-p&ii with an 
A-action. 

Lemma 2.19. In the above situation, W(D) is a potentially crystalline A-B-pair. 

Proof. It suffices to show the A-flatness of W e (D) and W d \ i (D)/tW d + R (D). We can 
prove these in the same way as in Lemma ETS] by using the exactness of the functor 
W(D) and the A-flatness of D and ¥\\ k D L /¥i\ k+l D L for any k. □ 

Corollary 2.20. Let A be an object in Ce- The functor D^ vis gives an equivalence 
of categories between the category of potentially crystalline A-B-pairs which are 
crystalline if restricted to Gl and the category of A-filtered (<p,Gl/k) -modules of 
K. 

Proof. This follows from Lemma 12.181 and Lemma 12.191 and Theorem 12.51 □ 

Next, we prove some lemmas which will be used in later sections. 

Let Wa be an A-B-p&ir which is not potentially crystalline in general and L be a 
finite Galois extension of K, then we can define D^ t1s (Wa) in the same way as in the 
case where Wa is potentially crystalline. This is an .E-filtered (<p, Gx/^-module, 
but in general this may not be an A-filtered (<p, G^/i^-module. 

Lemma 2.21. Let W be an E-B-pair. Let D C D CI - m (W) be a rank one sub 
E-filtered if -module whose filtration is induced from that of D CI - m (W), then there 
exists a natural saturated inclusion W(D) <^-> W . 

Proof. Twisting W by a suitable crystalline character of the form rio-ep (T (Xlt) , 
we may assume that Fi\°(D K ) = D K and Fil (Dk) — 0, where we put D K : = 
K ®x D. We have natural inclusions W(D) e = (B CTis (& Ko D) v=l C (£> cris ® Ko 
D cri Xw)Y =1 C (B cris ® B£ W e y =l = W e and, under the above assumption, W^D) 
= Fi\°(B dR ® K D K ) = B+ R ® K D K C Fil°(B dR ® K D dR (W)) C W+ R , which 
define an inclusion W(D) W . Hence, it suffices to show that this inclusion 
is saturated, i.e. B dR ® K D K = (B dR ® K D K ) D W dR . We can write (-BdR ®k 
Dk) H W dR = (Bo-eVth Ban. ®K,a Dk,o for some k a e Z^ , where we decompose Dk 
by Dk -4 ® aeV D K ®K®Q p E,a®id E E =: ® aeV D K ,a- If K ^ 1 for a cr e V, then 
Dk,o Q ^ fc<T W / dR- Because the filtration on D is induced from D CTis (W), this implies 
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that ¥i\ ka v = D^ ai this contradicts to Fil 1 /}^ = 0. Hence k a = for any 
a eV, this implies that B^ R ® K D K = (B dR ® K D K ) n W dR . 

□ 

Lemma 2.22. Let Wa be an A-B-pair. Let D C D cris (WA) be a sub E-filtered 
if -module which is an A-filtered if -module of rank one, where the filtration on 
D is the one induced from that of D CT ]s(Wa)- We assume that the natural map 
D ®a E — > D cr i S (WA <8>a E) remains injective. Then, we have a natural injection 
of A-B -pairs W(D) ^ Wa such that the cokernel Wa/W(D) is also an A-B-pair. 

Proof. In the same way as in the above proof, we have a natural injection W(D) ^ 
Wa- Because the natural map D®aE — > D cr i S (WA® a E) is injection, we obtain an 
injection W(D) Cg)^ E —> W(D ® A E) c — >• Wa ®a E and this injection is saturated 
by the above lemma. Hence, it suffices to show that if W\ W2 is an inclusion of 
A-B-pairs such that W\ ®a E —> W 2 <S>a E remains injection and saturated, then 
the cokernel W 2 /W± exists and is an A-B-pair. We put W$ >e , W^ AR the cokernels of 
Wi, e ^ W 2 , e , W+ dR ^ W 2 + dR respectively By Lemma 2.2.3 (i) of |Bel-Ch09] . these 
are A-flat. Hence, it suffices to show that these are free over B e , B dR respectively. 
We can prove this claim in the same way as in Lemma 2.2.3 (iii) of |Bel-Ch09] . 

□ 

2.2. Deformations of B-pairs. In this subsection, we develop the deformation 
theory of 5-pairs, which are the generalization of Mazur's (characteristic zero) 
deformation theory of p-adic Galois representations. 

Definition 2.23. Let A be an object in Ce, W be an E-B-pa.ii. We say that a pair 
(Wa, is a deformation of W over A if Wa is an A-B-pair and 1 : Wa ®a E —)■ W 
is an isomorphism of E-B-paiis. Let (Wa,i), (W a ,l') be two deformations of 
W over A. Then we say that (Wa, l) and (W' A , l') are equivalent if there exists 
an isomorphism / : Wa — > W' A of A-B-paim which satisfies 1 = 1! o /, where 
/ : Wa <8> a E ^ W' A ®a E is the reduction of /. 

Definition 2.24. Let W be an .E-B-pair, then we define the deformation functor 
D w from the category Ce to the category of sets by 

D W (A) := { equivalent classes (Wa, t) of deformations of W over A} 

for any A G Ce- 

We simply denote by Wa if there is no risk of confusing about 1. 

Next, we prove the pro-representability of the functor Dw under suitable con- 
ditions. For this, we recall Schlessinger's criterion for pro-representability of func- 
tors from Ce to the category of sets. We call a morphism / : A' — > A in Ce a 
small extension if it is surjective and the kernel Ker(/) = (t) is generated by a 
nonzero single element t £ A' and Ker(/) • = 0. E[e] is the ring defined by 
E[e] := E[X]/(X*). 
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Theorem 2.25. Let F be a functor from C F to the category of sets such that F(E) 
is a single point. For morphisms A' — > A, A" — >■ A in C F , consider the natural 
map 

(1) F(A' x A A") -> F(A') x F(A) F{A"), 

then F is pro-representable if and only if F satisfies properties {Hi), (H2), (H3), 
(H4) below: 

(Hi) (1) is surjective if A" — >■ A is surjective. 
(H 2 ) (1) is bijective when A = E and A" = E[e\. 

(H 3 ) dim E {t F ) < 00 ( where t F := F(E[e)) and, under the condition (H 2 ), it is 

known that tp has a natural E-vector space structure). 
{H4) (1) is bijective if A' = A" and A' — > A is a small extension. 

Proof. See |Schl68j or §18 of [Ma97] . □ 

Using this criterion, we prove the pro-representability of D\y. 

Proposition 2.26. Let W be an E-B-pair. If End GA ,(tV) = E, then D w is 
pro-representable by a complete noetherian local E-algebra Ry/ with residue field 
E. 

For proving this proposition, we first prove some lemmas. 

Lemma 2.27. Let ad(W) := Hom(TU, W)(—> W ® W v ) be the internal endomor- 
phism of W , then there exists an isomorphism of E-vector spaces Dw{E[e}) —> 
E 1 {G K ,eid(W)). 

Proof. Let We[ £ ] '■= (WE[ E ], e , ^E[e] <ir) De a deformation of W over E[e\. From this, 
we define an element in R 1 (G k , &d(W)) as follows. Because eWE[e],e ~^ W e and 
WE[ e ],e/ £ WE[e],e —> W e (where we put W := (W e ,W^ R )), we have a natural exact 
sequence of B e ©q p i^G^-modules 

->• W e ->• W E [ e ],e ->> W e -> 

We fix an isomorphism of B e ©q p E'-modules WE[ £ ],e — > W e e\ © W e e 2 such that first 
factor W e eiis equal to £We[ b ] as B e ©q p _E[Gx]-Hiodule and that the above natural 
projection maps the second factor W e e 2 to W e by xe 2 !->■ x for any x G W e . We 
define a continuous one cocycle by 

c e : G K Hom Be ^ Qp£; (W / e , W e ) by ^(yea) := c e (g)(gy)e 1 + gye 2 

for any g G and y G W e . For W 7 ^, we fix an isomorphism dR — »■ W^ei © 
W^e^ as in the case of W e , then we define a one cocycle by 

c d R : G x -»> Hom^^W^, W d + ) by #(3^) := c dR (^)(^?/)e 1 + c^ef, 

for any g EG K and for any y G W 7 "^. Next, we define c G Hom BdR ® QpB (W d R, W^r) 
as follows. Tensoring We[ £ ],b an d W^fc] dR with £> d R over £> e or -B^, we have an 
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isomorphism / : W dR ei © W dR e 2 -4 W E[e]AR ^ W dR ei © W dR e' 2 of B dR © Qp E- 
modules. We define by 

c : W dR ->■ W dR by /(ye 2 ) := c(y)ei + ye 2 

for any ?/ G W dR . By the definition, the triple (c e , CdR, c) satisfies 

c e (g) - c dR (g) = gc - c in Hom BdR g DQp£ ;(W dR , W^r) 

for any g G i.e. the triple (c e , CdR, c) defines an element of H 1 (G^, ad(W)) by 
the definition of Galois cohomology of -B-pairs (§ 2.1 of |Na09j ). then it is standard 
to check that this definition is independent of the choice of fixed isomorphism 
WE[ e ],e W e ei © W e e2, etc, and it is easy to check that this map defines an 
isomorphism D w (E[e]) E 1 (G K , ad(W)). 

□ 

Lemma 2.28. Let W A be a deformation of W over A. If Enda K (W) = E, then 
End Gjc (W A ) = A 

Proof. We prove this lemma by induction on the length of A. When A — E, this 
is trivial. We assume that this lemma is proved for the rings of length n and 
assume that A is of length n + 1. We take a small extension / : A — > A'. Because 
Endc K (W) = H°(Gk, W y © W), then we have the following short exact sequence, 

-> Ker(J) ©^ End GK (W) -> End GK (W A ) -> End GK (^ A ©A A'). 

From this and the induction hypothesis, we have 

length(End GK (^ A )) ^ length(End Gjr (W A ©a A)) + length(Ker(/) © £ End Glc (W)) 

= length(A) + 1 = length(A). 

On the other hand, we have a natural inclusion A C End GK (W / A). Comparing 
length, we have an equality A = End Gjf (Wa)- O 

Proof, (of proposition) Let W be a rank n E-B-p&ir satisfying End GK (W) = E. 
For this W, we check the conditions (Hi) of Schlessinger's criterion. First, by 
Lemma l2.27[ we have 

dim E (D w (E[e})) = dim^H 1 ^, ad(W))) < oo, 

hence (H 3 ) is satisfied. Next we check (Hi). Let / : A' — > A, g : A" — > A be 
morphisms in Ce such that g is surjective. Let ([W^'], be an element in 

D W (A') x Dw (A) D W (A"). We take deformations W A > := (W A ' te ,W^ >dR ), W A » : = 
(W A ",ei W A >< dR ) over A' and A" which are contained in equivalent classes [W A '] and 

[W A "] respectively, then we have an isomorphism h : W A > ©A' A ^> W A » ® A » A =: 
W A := (W Aje , W^ dR ) which defines an equivalent class in Dw(A). We fix a basis 
ei, • • • ,e n of W A ',e as a -B e ©q p A' -module and denote by ei, ■ • • , e n the basis of 
W^A'.e ©A' ^4 induced from ei, • • • ,e n . By the surjection of g : A" — > A and by the 
A" -flatness of W A " >e , we can take a basis ei, ■ ■ • , e n of Wav such that the basis 
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ei, ■ • • , e n of Wyi''^ ®A" ^4 induced from ei, • • • ,e n satisfies hfa) = for any i. If 
we define by 

W' e " := W A ', e Xw A , e W A »* := £ W^', e x WavIM*) = £}, 

then H 7 "" is a free _B e ®q p (A' x A A")-module with a basis (ei, ei), • • • , (e n , e n ). In 
the same way, we define by W dR := W A , dR x w + dR' which is a free -B^cg)^ 

(A' x A A")-module. If we put ^ x Wa W a » ■= (W'J , W' d "^), then this is a (A' x A 
A" )-S-pair which is a deformation of W over A' x ^ A" such that the equivalent class 
[W A , x Wa W a «\ G D w (A' x a A") maps (\W A ,] } [W A »]) G x Dw{A) D W (A"). 

Hence, we have proved (Hi). 

Finally, we prove that if g : A" — » A is surjective, then the natural map 
D W (A' x A A") — > D W (A') x d w ( A ) D\y(A") is bijective, which proves the condition 
(H 2 ) and (H4), hence we can prove the pro-representability of D w . Let W± \ W 2 be 
deformations of W over A' x A A" such that [W™ ®a'x a A" A'] = [W 2 ®a'x a A" A'] in 
D W (A') and \yV'i ® A ' XaA "A"] = [W 2 '<g>A'x A A"^4"] xd.D w (A"). Under this situation, 
we want to show [W™] = [W^"] in D W (A' x A A"). We put Waa' := ®a'x a A" -4', 
:= W[" ®a'x a a- A' 1 , W 1A : = ®a'x a a- A, and same for W 2A >, W 2A », 
W 2A , then we have natural isomorphisms W{ ^> Wi A > x WlA Wi A » and W 2 ^> 
W2A' x w 2A W 2A " defined as in the last paragraph. Because [Wia'] = [WW] and 
[WiA"] = [W2A"], we have isomorphisms h' : Wi A > —)■ W 2A i and h v : Wi A » W 2A ». 
By reduction of these isomorphisms, we obtain an automorphism h'oh"^ 1 : W 2A 
Wi A W 2A . By Lemma [2.281 and by the surjection g : A" x — > A x , we can find an 
automorphism h : W 2A » W 2A » such that h = h'oh~ 1 . If we define a morphism 

h" : Waa' Xw 1A Wia» W 2A > x W2A W 2A > : (x,y) 1— >■ (/n(ac), o ^(y)), 

then we can see that this is well-defined and is isomorphism. Hence we finish to 
prove this proposition. □ 

Proposition 2.29. LetW := (W e ,W&) be an E-B -pair of rank n. IfH 2 (G K , &d(W)) 
= 0, then the functor D\y is formally smooth. 

Proof. Let A' — > A be a small extension in Ce, we denote the kernel by / C A'. 
Let W A := (W e>A , H 7 ^^) be a deformation of W over A, then it suffices to show 

that there exists an A'-_B-pair W A i such that W A > Cg>A' A — > W A . We fix a basis 
of W e ,A as a B e £g>Q p A-module. Using this basis and the G^-action on W e , A , we 
obtain a continuous one cocycle 

p e : G K ->• GL n (B e ® Qp A). 

In the same way, if we fix a basis of W^ra as a -^dk ®<Q P A-module, we obtain a 
continuous cocycle 

Am : G K GL n (B dR (g) Qp A). 
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From the canonical isomorphism W e> A ®s e PdR W 7 ^^ Cg) B + PdR, we obtain a 

' dR 

matrix P G GL n (PdR ®q p A) such that 

Ppe^giP)- 1 = p dR (g) for 

an y £ C/c- 

We fix an P-linear section s : A — > A' of A' — > A and fix a lifting P G GL n (PdR(S><Q p 
A') of P. Using this section, we obtain continuous liftings 

p e := s o p e : G K -> GL n (P e ®q p A') 

of p e and 

PdR := s ° PdR : Gr- ->• GL n (S^ R ® Qp A') 
of PdR- Using these liftings, we define 

c e : G K x G K ^ I ® E Hom Be ® QpE (W e , W e ) 

by 

Pe{gig2)gi{pe{g2)Y 1 pe{giy 1 = l + c e (^i, 2 ) e 1 + 1 ®a> M n (P e ® Qp A') 

= 1 + I ® E *Iom Be ® QpE (W e , W e ) 
for any 01,02 £ G/f- In the same way, we define 

c dR :G K xG K ^ I® E Hom Bd+R0Qp£ (lU d + R , W d +) 

by 

pdR(gig2)gi(pdR(g2)) 1 PdR(gi) 1 = l + c dR (g 1 ,g 2 ). 

We define 

c : G K I <S>e Hom BdR ^ 0pjB (W / "dR, W^r) 

by 

Pp e ((?)(?(P)- 1 pdR((?)" 1 = 1 + c(g) el + I® E Hom BdR ® QpE (W dR , W dR ). 
These c e and CdR are continuous two cocycles, i.e. satisfy 

0lC*(02,0 3 ) ~ C* (0102, 0s) + C* (01 ,0203) ~ C*(0l,0 2 ) = 

for any 0i, 2 , 03 G (* = e, dR). Moreover, we can check that c e and CdR and c 
satisfy 

C e (01, 2 ) - C dR (01, 2 ) = 0l(c(0 2 )) - C(0i0 2 ) + C(0i) 

for any 0i, 2 , 3 G Gk, here we note that the isomorphism Hom Be ® Qp E(W e , W e )® Be 
P d R ~> Hom B + R0Q;)£ (W / " dR , W^) O b + r P dR is given by c ^ P^cP, where P G 
GL n (PdR ®q p P) is the reduction of P G GL n (PdR ®q p A). By the definition 
of Galois cohomology of P-pairs, these mean that (c e , CdR, c) defines an element 
[(c e ,c dR , c)] in I ® E B. 2 (G K ,ad(W)) . Until here, we don't use the condition 
B. 2 (G K , ad(W)) = and we can show that [(c e , c d R, c)] doesn't depend on the choice 
of s or P, i.e. depends only on Wa- Under the assumption that H 2 (Gk, ad(W)) = 
0, there exists a triple (/ e , / dR , /) such that f e : G K ^ I ®e Hom Be ® 0p £;(W / e , W e ) 
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and fdR '■ Gk —> I ®e ^ om B+ n ® Q E^^W^g) are continuous maps and / £ 
/ ® E Hom BdR(g) R(W dR , W dR ) and these satisfy 



c e (#i,# 2 ) = gih{g%) - fe{g\92) + fe(gi) 

and 

CdR^i,^) = 9ifdR(92) - fdK(9i92) + f<m(gi) 

and 

c(gi) = fm(gi) - P- l fe{gi)P + (gif - f) 

for any gi, g 2 £ Gk- Using these, we define new liftings p' e : Gk GL n (B e ®q A') 
by 

P 'M--=a + fe(g))Pe(g), 

PdK(g) ■ G K GL n (B+ R ® Qp A') by 

PdR^) : = (1 + /dR(^))PdR(^) 

and define 

P 1 : = (1 + f)P £ GL n (£? dR ® Qp A'), 
then we can check that these satisfy 

p' e (9i92) = p' e (gi)gi(p' e (g 2 )) and p' dR (gig 2 ) = P dR (#i)#i(p dR (>2)) 

and 

p' p'eigMP')- 1 = p'M 

for any gi,g 2 £ Gk- By the definition of A'-5-pair, this means that (p' e , p' dR , P') 
defines an A'-B-paii and this is a lift of Wa by the definition. We finish the proof 
of this proposition. □ 

Corollary 2.30. Let W be an E-B-pair of rank n. If End^ {W) = E and 
H 2 (Gk, ad(iy)) = ; then the functor D w is pro-representable by Rw such that 

R w ^ E[[T U ■■■ , T d }} where d := [K : Q p }n 2 + 1. 

Proof. The existence and formally smoothness of Rw follows from Proposition ^. 261 
and Proposition 12.291 For the dimension, we have 

dim E D w (E[e}) = dim^H 1 ^, ad(W)) 

= [K : Q p ]n 2 + dim E B°(G K , ad{W)) + dim E B. 2 (G K , ad(W)) 
= [K : Q p ]n 2 + 1 

by Theorem 12.81 and Lemma 12.271 □ 
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2.3. Trianguline deformations of trianguline 5-pairs. In this subsection, we 
define the trianguline deformation functor for split trianguline E-B-p&iis and prove 
the pro-representability and the formally smoothness under some conditions and 
calculate the dimension of the universal deformation ring of this functor. These 
are the generalizations of Bellaiche-Chenevier's works in the Q p case. In § 2 of 
|Bel-Ch09] . Bellaiche-Chenevier proved all of these in the case of K = Q p by using 
(</?, r)-modules over the Robba ring and by using Colmez's theory of trianguline 
representations for K = Q p ([C0O8J). We generalize their theory by using 5-pairs 
and the theory of trianguline representations for any p-adic field ( |Na09j or § 2.1). 
We first define the notion of split trianguline A-B-pairs as follows. 

Definition 2.31. Let W be a rank n A-B-p&irs. We say that W is a split trian- 
guline A-B-pa.ii if there exists a sequence of sub A-B-p&irs T : = Wo Q W\ C 
Wi C • • • C W n -i C W n = W such that Wi is saturated in Wi+i and the quotient 
Wi+i/Wi is a rank one A-B-pa.ii for any ^ i ^ n — 1. 

By Proposition [2TT51 there exist continuous homomorphisms 5i : K x — > A x such 
that Wi/Wi-i — > W(Si) for any 1 ^ i ^ n. We say that {5i}™ =1 is the parameter 
of the triangulation T. 

Next, we define the trianguline deformation functor. Let W be a rank n split 
trianguline E-B-pa.ii. We fix a triangulation T : C W\ C • • - C W 7 ^.! C W 7 ^ = W 
of iy. Under this situation, we define the trianguline deformation as follows. 

Definition 2.32. Let A be an object in Ce- We say that (Wa, Ta) is a trianguline 
deformation of (W 7 , T) over A if (Wa, is a deformation of W over A and WOi is a 
split trianguline A-B-pair with a triangulation 7a : C Wi s a Q • • ■ Q W Hi a = Wa 
such that t,(Wi,A ®a E) = Wi for any 1 ^ i ^ n. Let (Wa,X 7a) and (W A , t', Ta) 
be two trianguline deformations of (W, T) over A. We say that (Wa,l, Ta) and 
(W A , t', T A ) are equivalent if there exists an isomorphism of A-B-pairs f : W A — > 
satisfying L — i'of and /(W^a) = W/^ for any 1 ^ i ^ n. 

Definition 2.33. Let W be a split trianguline E-B-paii with a triangulation T . 
We define the trianguline deformation functor D\y,r from the category Ce to the 
category of sets by 

D W j-{A) := { equivalent classes (Wa,l,Ta) of 

trianguline deformations of (W, T) over A}. 

for any A G Cg. 

By definition, we have a natural map of functors from D W1 - to by forgetting 
the triangulation, i.e. defined by 

D WjT (A) -> D W (A) : [(W a ,l,Ta)] H- [(H^,01- 

In general, D^j is not a sub functor of .Diy by this map, i.e. a deformation Wa 
can have many liftings of the triangulation T . Here, we give a sufficient condition 
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for D W r to be a sub functor of D w . Let {#i}™ =1 be the parameter of triangulation 

r. 

Lemma 2.34. If we have 5j/S{ ^ YlaeV a f or anv ^ = * < — n an ^ ^ or an ^ 

{/co-jo-g-p G rio-e-p ^=°' ^ en ^ e f unc t° r Dw,T is a sv >b functor of Dw- 

Proof. Let Wa be a deformation of W over A, let C W^i C • • • C Wa,u-i Q Wa 
and C W' A t C • • • C H 7 ^ C Wa be two triangulations which are lifts of T. 
It suffices to show that Wa,% = W Ai for any i. By induction, it suffices to show 
Wa,i = W A v For proving this, first we consider Hom,^ (H 7 ^, Wa)- This is equal 
to R {G K , W^a ® W^i)- Because H°(GV, -) is left exact and H°(G^, W{5)) = 

for any 5 : K x -> £ ,x such that 5 ^ Yiaev 17 ^ ^ or an y {^Ao-ev £ YlaeV^So by 
Proposition 12. 9[ we have 

H°(Gjr, ® (W^/W^)) = R°(G K , W^ A ® (W^/WJJ) = 

for any i ^ 1. Hence, we obtain equalities 

Hom Gjc (W M , W M ) = Hom GK (W M , W A ) = Hom Gjr (W M , W{ jA ). 

This means that the given inclusion W^a ^ VKa factors through W 7 -^ W^. 
By the same reason, the inclusion W[ A W A also factors through W^ A ^ H 7 ^. 
Hence we obtain an equality W 7 !^ = W[ A ,. □ 

Next, we prove relative representability of D w ,r- But, before doing this, we 
need to define the following functor which is a B-pair version of Lemma 2.3.8 of 
|Bel-Ch09] . Let W = (W e , W^ R ) be an E-E-pair. Then we define by 

F(W) := {x G W e nW+ R \3n G Z^, (^-lX^-l) • • • (a n -l)x = 0, V^, • • • , a n G G K } 

which is E'-vector space with G^-action, hence F is a left exact functor form the 
category of .E'-.B-pairs to that of i?[GR-]-modules. By this definition, we obtain the 
following lemma, which is the 5-pair version of Lemma 2.3.8 of [Bel-Ch 09j. 

Lemma 2.35. Let S : K x — > E x be a continuous homomorphism, then F(W(S)) ^ 
if and only ifE°(G K ,W(8)). 

Using this lemma, we prove relative representability of Dw,t- 

Proposition 2.36. Let W be a trianguline representations with a triangulation T 
such that the parameter {5i}™ =1 satisfies 5j/5i ^ Y[aev <jk ' T f or anv ^ = * < 3 = n 
and for any {k a } a( zp G Ylaev^ ' ^ en ^ e na kural map of functors D w ,i — > D w 
is relatively representable. 

Proof. By §23 of |Ma97] , it suffices to check that the map Dw,i — > Dw satisfies 
the fallowing three conditions (1), (2), (3). 

(1) : For any map A -)■ A' in C E and W A G D W>T (A), then Wa®a a> € D W>T (A'). 

(2) : For any maps A' A and A" -> A in C E and W " G D W {A' x A A"), 
if W'" ®A'x A A- A' G D WT (A') and W'" ® A >x A A>< A" G D WjT (A"), then W'" G 
D WtT (A'x A A»). 

25 



(3): For any inclusion A ^ A' in C E and W A G D W (A), if W A ® A A' G D w>r (A'), 
then W A G D WjT (A). 

The condition (1) is trivial. For (2), let W'" G D W (A' x A A n ) be such that 
W A > := W"' ®a»x a a» A' G DwrrC^) and W A » : = PF'" ®a'x a a" A" G Ay.rC^")- We 
put Wa := W ®a'x Aj 4" A In the same way as in the proof of Proposition 12. 26[ we 
have an isomorphism W " W A i x y/ A W A » . By Lemma 12.341 the triangulations 
of W A induced from W A > and W A >< are same, hence these triangulations induce a 
triangulation of W'° ^> W A > x Wa W a », i.e. W'" G ZV )7 -(A' x^A"). 

Finally, we prove the condition (3). The proof is essentially same as that of 
Proposition 2.3.9 of |Bel-Ch09] . but here we give the proof for convenience of 
readers. Let W G D W (A) and A A' be an inclusion such that W A ® A A' G 
D W>T (A'). Let C W 1)A > C • • • C W n _ ljA > C W / A (g> A A' be a triangulation lifting of 
T. By the induction on the rank of it suffices to show that there exists a rank 
one sub A-B-p&ir Wi >A C such that W^a <8>a -4' = Wi,a' and that W A /Wi, A 
is an A-5-pair. By Proposition 12.151 there exists a continuous homomorphism 
8i >A > : K x -> A' x such that W^a' ^ W{b~x, A >). Twisting W by S^ 1 , we may 
assume that 5^ A i = 1( mod m^). Under this assumption, we apply the functor 
F(-). Because 5^ A > is unitary, there exists a continuous character 5\, A i : — >■ 
A'* such that W(<V) ^ W{A'{5 XA ,)) = (B e ® Qp A'(S hAf ),B^ ® Qp A'(5 M ,)), 
hence Wx jA > je D dR = A'(<5i 5 a')- Moreover, because the image of 6i >A > is in 
1 + xn A ', we also have F(W 1)A >) = A'(5i tA ')- Next, because (W A <& A A')/Wi tA > 
is a successive extension of W(SiS^ ) (i ^ 2) as an i?-5-pair, the left exactness 
of F implies that F((W A <8>a A')/Wx >A >) = by Lemma I2T351 Applying F to 
the short exact sequence ->■ W^a' -» ^ ®a A' ->■ (Wa ®a ^O/W^a' -> 0, 
we obtain A'(Si >A >) ^> i^Wi^) = F(W A eg) a A). m the same way, we obtain 
E = F(Wi) = F(W). Then, by left exactness and by considering the length, we 
can show that F(W A ) is a free A-module of rank one and that the natural map 
F(W A ) —> F{W) ( induced by the natural quotient map W A — >■ W) is surjection 
and that the natural map F(W A ) <8>a A' —> F(W A ®a A') is isomorphism. If we 
define 5 1>A : — > A x such that F(W A ) A(5x )A ) and define W\ }A as the image 
of the natural map (B e ® Qp F(W A ), B^ R ® Qp F(W A )) -)■ W A induced form F(W) ^ 
W A>ei F(W) W^ dR , then we can check that W^ A is a rank one A-B-pair and 

that the quotient W A /W\ >A is also an A-£>-pair and that W\, A ® A A' — > Wi tA >, 
which proves the condition (3), hence we finish to prove this proposition. 

□ 

Corollary 2.37. Let W be a trianguline E-B-pair with a triangulation T such 
that EndG K (W) = E and the parameter {5i}™ =1 of T satisfies Sj/6i ^ Ylaev^" 7 
for any 1 5= i < j 5= n and for any {k a } aeV G n CT eP ^=°> ^ en ^ e f unc ^ or F>w,r ^ s 
pro-representable by a quotient Rw,t °f Rw- 



Proof. This follows from Proposition 12.261 and Proposition 12.361 
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Next, we prove the formally smoothness of the functor Dyy-j- 

Proposition 2.38. Let W be a trianguline E-B-pair of rank n with a triangulation 
T such that whose parameter {^}™ =1 satisfies Si/6j ^ |Na-/q p | Ylaev 17 ^ f or anv 
1 ^ % < j ^ n and for any {k a } u( z'p G Ylaev^ 1 ' ^ en f unc ^ or D W7 - is 
formally smooth. 

Proof. We prove this proposition by the induction of the rank of W . When W 
is rank one, then Dw,t — Dw and ad(iy) = Be is the trivial E-B-p&ii. Hence 
H 2 (Gk, ad(iy)) = by Proposition 12.91 Hence, D w ,r is formally smooth by 
Proposition 12.291 Let's assume that the proposition is proved for all the rank n — 1 
i?--B-pairs, let W be a rank n E-B-pah with a triangulation T : C W\ C ■ • • C 
W n _i C W n = W whose parameter {<5j}™ =1 satisfying the condition as above. Let 
A' — > A be a small extension in Ce and let Wa be a trianguline deformation of 
(W, T) with a triangulation Ta ■ C W\,a Q • • • ^ W n -i t A ^ W nt A = Wa which is 
a lift of T . It suffices to prove that there exists a split trianguline A'-B-paii Wa 1 
with a triangulation C W^a' Q 4 4 4 Q W n -i.A' Q W n ^A> = Wa> which is a lift of 
Wa and Ta- We take a lifting as follows. First, because W n -\ is a trianguline E-B- 
pair of rank n — 1 satisfying the condition as above, hence there exists a rank n — 1 
trianguline A'-B-p&ir W n -i 7 A' with a triangulation C Wi^/ C • • • C W n _2,A' Q 
W n -i t A' which is a lift of W n -i t A and C W^a Q 4 4 4 Q W n -i t A by the induction 
hypothesis. If we put gr n H^ := WA/W n -i t Ai then by the rank one case and by 
Proposition 12.151 there exists a continuous homomorphism S n _A' '■ K x — > A x such 
that the rank one A'-B-pair W(S n) A') satisfies W{8 n> A')®A' A = W(6 n> A) — > gr n Wa, 
where 5 n ,A '■ K x — > A x is the reduction of 5 n .A'- We can see the isomorphism class 
[Wa] as an element in Ext 1 (H / (5„ i A), Wi-i,a) -> H^GV, W^-mI^)). If we take 
the long exact sequence associated to 

-> / ® E -> W^M'(O) ^ W"-m(C,a) -> 
where / C A' is the kernel of A' — > A, then we obtain a long exact sequence 
► K^Gk, W n ^ A '{-5-\,)) ->• H^Gjf , W n _ M (CA)) 

By the assumption on {5j}™ =1 and by Proposition ^. 91 we have H 2 (G^, H 7 ri ,_i((5^ 1 )) = 
0. Hence we can take a [Wa'] € Ext^W^A'), Wi-LA') ^> H x (Gx, W n -i,A'0£,A')) 
which is a trianguline lift of [Wa]- This proves the proposition. □ 

Next, we calculate the dimension of Dy/q-. For this, we interpret the tangent 
space Dwff(E\e\) in terms of Galois cohomology of I?-pair as in Lemma \2. 2 71 Let 
W be a trianguline i?-i?-pair with a triangulation T : C W\ C • • • C W„_i C 
W n = W whose parameter is {5i}™ = u then we define an E'-.B-pair ad-j-(W) by 

ad r (W) := {/ G ad(W)|/(W) C W for any 1 ^ i ^ n}. 
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Lemma 2.39. Let W be a trianguline E-B-pair, then there exists a canonical 
bijection of sets 

D WjT (E[e\) ^E^GkMAW)). 

In particular, if D W j- has a canonical structure of E -vector space (c.f. the con- 
dition (2) in Schles singer's criterion \2.25T) . then this bijection is an E-linear iso- 
morphism. 

Proof. The construction of the map D w ^(E[e]) — > H. 1 (G k , &d-r(W)) is same as 
in the proof of Lemma 1X271 We put '&d T (W) := (ad r (W e ), &d r (W^ R )). Let 
We[e] '■= (W et E[e], W'dRBy) ^ e a trianguline deformation of (W, T) over E[e] whose 
triangulation T E [ e ] is C W liE[e] , C • • • C W n _ hE[e] C W n>E [e] = W E[e] , then we can 
take a splitting H^Me] = W e ei © W e e 2 as a filtered B e ©q p -E-module such that 
W e ei = eW e>E [ £ ] and the natural map W e e2 W e ,£[e] —> W es E[e]/eW e> E[e] ~^ W e is 
such that ye 2 ^ y for any y G W e - If we define c e : Gk — > RomB e ® QpE (W e , W e ) in 
the same way as in the proof of Lemma I2.27[ we can check that the image of c e 
is contained in &dr(W e ). In the same way, we can define CdR : Gk — > a dr(W / dR,) 
from a filtered splitting W^ E ^ = W^e\ © W^e' 2 - Moreover, we can define 
c G ad7-(iydR) by ye 2 = c{y)e\ + ye' 2 for any y G W^r- Then the map 

D w>T (E[e}) -> H^GjcadrW) : [(^,7^)] h. [(c e ,c dR ,c)] 

defines a bijection and, when D^7-(5[e]) has a canonical £7- vector space structure, 
this is an .E-linear isomorphism. □ 

We calculate the dimension of Rw,T- 

Proposition 2.40. Let W be a split trianguline E-B-pair of rank n with a trian- 
gulation T : C W\ C • • • C W n -i CW n = W. We assume that (W, T) satisfies 
the following conditions, 

(0) Vxid GK {W) = E, 

(1) For any 1 ^ i < j ^n, 5j/5 t ^ l\ aeV o ka for any {k a } aeP G U aeV Z^ 0; 

(2) For any 1 ^ i < j ^ n, Si/Sj ^ \N K /® p \ H ae -p (J ha for any {k a } aeV G 

Ilaev 

then the universal trianguline deformation ring Rw,T is a quotient ring of Rw such 
that 

R WJ ^ E[[T U ■ ■ ■ ,T d J] where d n := 1 ^ } [K : Q p ] + 1. 

Proof. From Proposition 12.361 and Proposition 12.381 and Lemma I2.39[ it suffices to 
show that dim E H l (G k , &d.T{W)) = d n . We prove this by the induction on the 
rank n of W . When n — 1, then adf(W) = a,d(W) = B E , hence the proposition 
follows from Proposition 12.91 Let l^bea rank n trianguline E-B-pa.ii as above, let 
T n -i : C W x C • • • C W n _ 2 C W n -! be the triangulation of ^(C W). Then 
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for any / 6 adj-(W), the restriction of / to W n -\ is an element of a&Tn-i ( Wn-i) 
and this defines a short exact sequence of 22-23-pair 

->■ Hom(W(5 n ), W) ->■ ad T (W) ->■ ad^.! (W n _i) -> 0. 

From this, we have 

rank(ad r (iy)) = rank(ad r „_ 1 (W n _i)) + n 
= 1 + 2 + -. - + n= ^±12. 

From this and Theorem 12.81 it suffices to show that H°(Gr-, adr(W)) = 22 and 
E 2 (G K , ad r (W)) = . For 22°, this follows from 

E C H (G x ,ad r (iy)) C H°(Gk, ad(W)) = 22. 

We prove H 2 (Gj<-, adr(W / )) = by the induction of the rank of W. When n = 1, 
this follows from Proposition 12.91 When W is rank n, then from the above short 
exact sequence, we have the following long exact sequence 

► R 2 (G K ,Rom(W(5 n ),W)) -> R 2 (G K , ad T (W)) -> H 2 (G^, adr^CWn-i)) -> 0, 

then we have H 2 (G^, Hom(VF(5 n ), W)) = by Proposition 12.91 and by the assump- 
tion on {5j}™ =1 . Hence, by the induction hypothesis, we have H 2 (Gk, a.dr(W)) = 0. 
We finish the proof of this proposition. 

□ 

2.4. Deformations of benign 2?-pairs. In this final subsection, we study be- 
nign representations (more generally benign 23-pairs ) which is a class of potentially 
crystalline and trianguline representations and have some very good properties for 
trianguline deformations and play a crucial role in Zariski density problem of mod- 
ular Galois (or crystalline) representations in some deformation spaces of global 
(or local) p-adic Galois representations. This class was defined by Kisin in the 
case of K = Q p and the rank W is 2 in [Ki03| and [KilOj . He studied some de- 
formation theoretic properties of this class in [Ki03] and used these in a crucial 
way in his proof of Zariski density of two dimensional crystalline representations 
of Gq p . For higher dimensional and the Q p case, Bellai'che-Chenevier ( |Bel-Ch09~] ) 
and Chenevier ( |Ch09b| ) were the first ones who noticed the importance of benign 
representations in the study of p-adic families of trianguline representations. In 
particular, Chenevier ( [Ch09b] . where he calls "generic" instead of benign) discov- 
ered and proved a crucial theorem concerning to tangent spaces of the universal 
deformation rings of benign representations. For the two dimensional case, this 
was discovered by Kisin ( |Kil0j ) implicitly when K = Q p . In fact, by using this 
theorem, Chenevier ( |Ch09bj ) proved many kinds of theorems concerning Zariski 
density of modular Galois representations in some deformation spaces of global 
p-adic representations. 

The aim of this subsection is to generalize the definition of benign representa- 
tions and the Chenevier's theorem for any 2T-case. 
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2.4.1. Benign B -pairs. Let P(X) G C^LY] be a polynomial such that P(X) = 
ttrX (mod deg 2) and that P(X) = X q (mod itr), where q := pf and / := [K Q : 
Q p ]. We take the Lubin- Tate's formal group law J 7 of K such that [ttk] — P{X), 
where [— ] : 0% — > End(J r ). We denote by the abelian extension of K generated 
by [7r^]-torsion points of J 7 for any n, then we have a canonical isomorphism Xur,n '■ 
Gal(KjK) - 4 (C^/7r n 0^ ) x . We put fsT LT := U~ =1 ir n and G n := Gal(A" n /if).' 

In |KilOj . |Bel-Ch09] or |Ch09b] etc, benign representation is defined as a spe- 
cial class of crystalline representations. But, as we show in the sequel, we can 
easily generalize the main theorem to some potentially crystalline representations. 
Hence, before defining benign representations, we first define the following class of 
potentially crystalline representations. 

Definition 2.41. Let W be an E-Bp&ir. We say that W is crystabelline if W\g l 
is a crystalline E-B-p&ir of Gl for a finite abel extension L of K. 

Remark 2.42. Because a finite abel extension L of K is contained in K m L' for 
some m ^ 0, where V is a finite unramified extension of K, by using Hilbert 90, 
we can easily show that W is crystabelline if and only if PF|c?k is crystalline for 
some m ^ 0. 

Let If be a crystabelline E-B-p&ir of rank n such that W\c Km is crystalline 
for some m. Let D%£(W) := (B ciis ® Qp W) Gk ™ be the rank n E-filtered {<p,G m )- 
module over K. Because K m is totally ramified over K, this is a free K <S>q p E- 
module of rank n. We take an embedding a : K <^-> E. This defines a map 
a : ®q p E — )■ : x <8> y — >■ a(x)y. From this, we can define the cx-component 

this has a E'-linear ipt -action and a E'-linear G m -action. Let {atx, • • • , a n } be a solu- 
tion in E (with multiplicities) of de%(T-id— <p* \jj^m(yr)J) e Because <p* and 
the G m -action commute, any generalized ^/-eigenvector subspaces of D^(W) a 
are preserved by the action of G m . Hence we can take a .E-basis ei jCr , • • ■ , e n ,a 
of D%£(W) ff such that ej j(T is a generalized eigenvector of ^ with an eigenvalue 
Q.i G E X and G m acts on ej iCr by a character <5j : G m — > i? X for any i. We change 
numbering of {ai, ■ ■ ■ , a n } so that ei j(T , e 2)e7 , • ■ ■ , e n ,a gives a <p*- Jordan decomposi- 
tion of D*™ {W) a by this order. Because {a, y? _1 cx, • ■ ■ , (p-tf-^a) = Hom Qp (K , E) 
and 

^ : D«£{W) a ^D«£(W) v -i a :x®y^ V \x)®y 

( for any x G -D^(W^) and y G ) is a i?^, G m ]-isomorphism, the set {ai, • ■ ■ , a n } 
doesn't depend on the choice of a : K ^ E . If we put 

e; := e i)CT + <^(e iiCT ) + ■ • • + ^ /_1 (e ijCT ) G (W) <8)e £, 

we have 

D crTAW) ® E E = K ® Qp Ee x @---®K Q ® Qp Ee n 
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such that the subspace K ®q p Ee\ © • • • © Kq Cg>Q p E&i is preserved by ip and by 
the G m -action for any i. Moreover, if we take a sufficiently large finite extension 
E' of E, then we can take e { G D^(W) ® E E' such that 

D c^( w ) ®e E' = K ® Qp E' ei © • • • © K Q ®q p E'e n 

and aj G -E' and 5j : G m — > E' x for any i. 

Using these arguments, we first study a relation between crystabelline E-B-p&irs 
and trianguline E-B-pa.irs. 

Lemma 2.43. Let W be an E-B-pair of rank n. The following conditions are 
equivalent, 

(1) W is crystabelline, 

(2) W is trianguline ( i.e, W ® E E' is a split trianguline E'-B-pair for a finite 
extension E' of E) and potentially crystalline. 

Proof. First we assume that W is crystabelline. By the above argument, for a 
sufficiently large finite extension E' of E, we have D CI -^(W) ©# E' = K £g>Q p 
E'ei © • • • © K ®q p E'e n as above and K <g>Q p E'ei © • • • © K ® Qp E'ei is a sub 
E'-filtered (ip, G m )-module of D^(W ® E E') for any i. Hence W ®e E' is split 
trianguline and potentially crystalline by Theorem 12.51 

Next we assume that W is trianguline and potentially crystalline. By extending 
the coefficient, we may assume that W is split trianguline. We take a triangu- 
lation C W\ C • • • C W n = W of W. Because sub objects and quotients 
of crystalline S-pairs are again crystalline, Wi and Wi/Wi-\ are all potentially 
crystalline. Because W^/H^-i are rank one, Wi/Wi_i\c m are crystalline for any 
i for sufficiently large m. We claim that VF|c m is also crystalline. We prove 
this claim by the induction on rank n of W . When n — 1, this is trivial. We 
assume that the claim is proved for the rank n — 1 case, hence W n -i|G ro is crys- 
talline. If we put W/W n ^ ^ W{5 n ), we have [W] G H^G^, W^-i^" 1 )). By 
the assumption, there exists a finite Galois extension L of K m such that [W] is 
contained in Ker(H 1 (G^, W n _i(5~ 1 )) -> H 1 ^, B cris ® Be (W^- 1 )^)). Hence, 
it suffices to prove that the natural map H 1 (G^ m , B cris <S> Be (W n _i(5~ 1 )) e ) — > 
H 1 (G L , _B cris ® Be (W / n _i(5 f ^ 1 )) e ) is injective. By inflation restriction sequence, the 
kernel of this map is H. 1 (Gal(L / K m ) , D^iWn-i^ 1 ))) = 0. Hence W\ Gm is crys- 
talline, i.e. W is crystabelline. 

□ 

From here, we consider a crystabelline E-B-pair W such that D^(W) ^> 
Ko ®(Q P Eei © • • • © K <S>q p Ee n such that K ®q p -Eej is preserved by (<p, G m ) 
and <pf(ei) = a^Ci for some c*i & E x such that ^ aj for any i ^ j. Let (3„ be 
the n-th permutation group. For any r G <5 n , we define a filtration by .^-filtered 
(cp, G m )-modules on D cn ™(W) as follows, 

^:0CF T|1 C...C F T>n ^ C F r , n = D^(W^) 
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such that 

F Tji := K g)Q p Ee T{ i) © • • • © K <g> Qp £e r(i ) 

for any 1 ^ z ^ n , where the filtration on F Ti is induced from that on D^(W). 
We put & Tti D*£{W) := F Tti /F T ^ x for any 1 ^ z ^ n. By Theorem [221 there 
exists a filtration 

r T :0cif Til c...c w T , n _ a c W T , n = W 

such that W Tt i\G m is crystalline and 

W T; i/W T; i-i is a rank one crystabelline i?-_B-pair such that ^^(PF^/W^-i) 
^> gr ri D^™(W / ). Hence, by Lemma 4.1 of [Na09] and by its proof, there exists 
{k( T ,i),a}aev e U a ev Z and homomorphisms 5 { : K x ^ E x satisfying 8 i \ 1+ ^o K = 
1 and 5 t (n K ) = 1, such that W T ,i/W T ,i-\ ^ ^(^(.^tW IlaeP^ 1 " 1 '') for an y 
1 ^ « ^ n, where 5 ai : K x — >■ i?* is the homomorphism such that f^J^x = 1 

and <5 ai (7r&;) = aj. For any o~ E V, the set {fc( r ,i),cr, fc( T) 2), CT , ■ • • , fc(T,n),<r} is indepen- 
dent of r G © n because these numbers are the a-part of the Hodge- Tate weights 
of W. We denote this set (with multiplicities) by {/ci )(T , fc 2)0 -, ■ • • , k ny(T } such that 
fci )(T ^ /c2,o- = ■ • ■ = ^n,cr for any a e V. Under these notations, we define the 
notion of benign i?-i?-pair as follows. 

Definition 2.44. Let W be a rank n crystabelline E-B-pa.ii as above. We say 
that W is a benign E'-B-pair if the following conditions hold: 

(1) For any i ^ j, we have ajaj ^ l,pf ,p~f . 

(2) For any a G V, we have k l o . > k 2 ^ > • • ■ > k n -i iCT > k na . 

(3) For any r G & n and for any a G T 7 , we have fc( T ,i),<7 = ^,<t for any 1 ^ z ^ n. 
We say that the triangulation 7^ is non-critical if T T satisfies the condition (3). 

Remark 2.45. By definition, if W is a benign, then we have W T)l -/W T) j_i ^> 
W(5a T(i) ^r(i) Uaev akl '") for an y r G 6 « and 1 = * = n - 

Lemma 2.46. Let W be a benign E-B-pair. IfW\ is a saturated sub E-B-pair of 
W , then W\ and W/Wi are also benign E-B-pairs. 

Proof. This follows from the definition and the fact that sub objects and quotients 
of crystabelline i?-i?-pairs are crystabelline i?-i?-pairs. □ 

2.4.2. Deformations of benign B-pairs. 

Lemma 2.47. Let W be a potentially crystalline E-B-pair satisfying the condition 
(1) of Definition \KJ^ then we have R 2 (Gk, ad(W)) = and (W, T r ) satisfies 
the conditions in Proposition \2.^(\ except the condition End.G K {W) = E for any 



t G G n . 
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Proof. That B. 2 (G Kj ad(W)) = follows from the condition (1) of Definition |2J4| 
and from (2) of Proposition 12.91 because ad(W) is split trianguline whose graded 
components are of the forms (W T) j/W T) j_i) <S> (W T j/W T j^iy for any fixed r G & n . 
Other statements follow from the condition (1) of Definition 12.441 □ 

Lemma 2.48. Let W be a benign E-B-pair of rank n, then Endc K (W / ) = E. 

Proof. We prove this by the induction on n, the rank of W. If n — 1, Endc A ,(W / ) = 
H°(Gk, Be) = E. We assume that the lemma is proved for the rank n — 1 case, 
let W be a rank n benign E-B-pa.ii. We take an element r G & n and consider the 
filtration T T :0C W T ,i Q ■ ■ ■ C W r ,„_i C W T>n = W. By Lemma 12^61 W T , n _i is 
benign of rank n — 1, hence by the induction hypothesis, we have EndG K (W Tin _i) = 
E. Let / : W — > W be a non-zero morphism of i^-5-pairs. By (1) of Definition 
12.441 and by Proposition EJH we have Homc! K (W ri „_i, W/W T)n -i) = 0. Hence we 
have /(W TjTl _i) C W r>n -i. Because End GK (W 7 T>n _i) = E, we have f\w T , n -i = 
a ■ idw T n _i for some a G E. If a = 0, then / : W — > W factors through a non-zero 
morphism /' : W/W T , n -i -> W. Because B.om GK (W/W T ^ 1 , W T , n _i) = by (1) of 
Definition 12 . 441 and by Proposition [231 the natural map Homa K (W/W Ttn -i, W) ^ 
HoniG K (W/W Tin _i, W/W Ttn -i) = E is injective, hence the composition of /' with 
the natural projection — > W/W T>n -\ induces an isomorphism W/W T>n -i ^> 
W/W T>n -i- This implies that the short exact sequence — > W T , n _i — ► W 7 — )■ 
W/Wr,n-i — ^ splits. If we take a section s : W/W Ttn -i <-» VF, then we can choose 
t' G such that W 7 ,-',! = s(VF/Vl / V in _i), then this r' doesn't satisfy the condition 
(3) in the definition of benign 5-pairs. It's contradiction. Hence the above a must 
not be zero. If a ^ 0, consider the map / — a ■ idw g End Gif (W), then the same 
argument as above implies that / = a-idw- Hence we obtain Endc A ,(H / ) — E. □ 

Corollary 2.49. Let W be a benign E-B-pair of rank n. The functor Dw is 
pro-representable by Rw which is formally smooth of dimension n 2 [K : Q p ] + 1. 
For any r G & n , the functor D w ,t t ^ s pro-representable by a quotient Rw,r T °f Rw 
which is formally smooth of dimension [jf : Q p ] _|_ l. 

Proof. This follows from Proposition 12.401 □ 

Next, we want to consider the relation between Rw and R\y,T T f° r & U r £ ©n- in 
particular, we want to compare the tangent space of Rw and the sum of tangent 
spaces of Rw,t t f° r a U r ®n- F° r this, first we need to recall the potentially 
crystalline deformation functor. 

Definition 2.50. Let W be a potentially crystalline i?-I?-pair. We define the 
potentially crystalline deformation functor D w m which is a sub functor of Dw 
defined by 

D$ S (A) := {[W A ] G D W (A)\W A is potentially crystalline } 
for any A G Ce- 
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Lemma 2.51. Let W be a potentially crystalline E-B-pair. If Endc K (W) = E, 
then D w m is pro-representable by a quotient R^ s of Rw which is formally smooth 
of dimension equal to 

dim E ( J D dR (ad(W))/Fil° J D dR (ad(^))) + dim B (H°(G A -, ad(W))). 

Proof. For pro-represent ability, by Proposition I2.29[ it suffices to relatively repre- 
sentability of D W 1S c -> Dw as in the proof of Proposition 12.361 In this case, the 
conditions (1) and (2) are trivial and (3) follows from the fact that the sub ob- 
ject of potentially crystalline E-B-p&ir is again potentially crystalline. Formally 
smoothness follows from Proposition 3.1.2 and Lemma 3.2.1 of [Ki08j by using the 
deformations of filtered (<p, G^)-modules. For the dimension, we take a finite Ga- 
lois extension L of K such that W|g £ is crystalline. By the same argument as in 
the proof of Lemma 12. 43 \ any Wa £ D^ B (A) is crystalline when restricted to Gl- 
It's easy to check that the map Dw(E[e\) — > H 1 (Gft-, ad(W)) induces isomorphism 
D$ S (E[£\) ^ Ker(H 1 (G^,ad(I^)) -> E 1 (G L , B cliB ® Be ad(W) e )). In the same 
way as in the proof of Lemma 12. 43 [ the natural map H 1 (G^, B cris ® Be &d(W) e ) — > 
H 1 (G i , B cris ® Be &d(W) e ) is injective. Hence we have an isomorphism 

D\y s (E[ £ }) Ker(H 1 (G ft: , ad(iy)) — >■ H 1 (G^, -B cris ® Be ad(W) e )). 

We can calculate the dimension of this group in the same way as in the proof of 
Proposition 2.7 [Na09] . □ 

Corollary 2.52. Let W be a benign E-B-pair of rank n, then R W 1S is formally 
smooth of dimension (ra ~ 1 ' >n [K : Q p ] + I. 

Proof. This follows from Lemma 12.481 and 

dim i; (D dR (ad(H/))/Fil J D dR (ad(H/))) = V g ) [K : Q p ], 
which follows from the condition (2) in Definition 12.441 □ 

Definition 2.53. Let W be a benign i^-S-pair of rank n such that W\c Km is 
crystalline. For any r e & n , we define a rank one saturated crystabelline E-B- 
pair W^CW such that D^ S {W' T ) = K ® Qp Ee r{n) C D%£(W) and define a sub 
functor Dy^ T of D w by 

Dy} s T {A) := {[Wa] G Dw(A)\ there exists a rank one crystabelline saturated 

sub A-B-pair W' A C W A such that W' A ® A E = W' T }. 

Lemma 2.54. Under the above condition. The functor D w ls T is pro-representable 
by a quotient Rw% °f Rw which is formally smooth and it's dimension is equal to 
n(n - 1)[K :Q P }'+1. 

Proof. The proof of relatively representability of D W 1S T <^-> Dw and the proof of 
formally smoothness are easily followed from the combination of proofs of Propo- 
sition 12311 and Proposition 12.381 and Lemma [2.511 Here, we only prove dimension 
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formula. Let ad T (W) := {/ G ad(W)|/(W£) C W^}, then we have the following 
short exact sequence, 

-> Hom(iy/iy;, W) ->■ ad r (W) -» ad(H^) ->■ 0. 

Taking long exact sequence and by Proposition I2.9[ we have the following short 
exact sequence 

->■ B}(Gk, Hom(W/W^, W)) ->■ B}(Gk, &d T (W)) ->■ H^G*, ad(W^)) 0. 

We define Ej T (G K , ad T (W)) by the inverse image of Y^(G K , ad(W^)) in H 1 (Gx, 
ad r (iy)). Hence we obtain a short exact sequence 

-> H 1 (G /f ,Hom(iy/iy;,iy)) -> K\ t {G k Mt{W)) -> H}(G^,ad(iy;)) -> 0. 

In the same way as in Lemma f2 .5 11 we can show that the natural map Dw(E[e]) — > 
H 1 (G k , &d(W)) induces an isomorphism 

D™(E[e]) ^Kl T (G K ,ad T (W)). 

By Theorem 12.81 and Proposition 12.91 we can calculate that 

dim i; H 1 (G^,Hom(iy/iy;,iy)) = n(n - 1)[K : Q p }. 

Because ad(W^) = Be is trivial, hence we have H\(Gk, ad(W-)) = 1 by Proposi- 
tion 2.7 of |Na09j . Hence we have 

dim E n} >T (G K , ad T (W)) = n(n - 1)[K : Q p ] + 1. 

This proves that Ry} s T is °f dimension n(n — l)[if : Q p ] + 1. 

□ 

Lemma 2.55. Lei W be a benign E-B-pair of rank n. Let Wa be a deformation 
of W over A which is potentially crystalline, then [Wa] G Dw,t t {A) and [Wa] G 

Proof. Let be as above. If W\c Km is crystalline, then WA\c Km is crystalline 
by the proof of Lemma 12.511 Hence it suffices to show that we can write by 
( W A) 4 K ® Qp Ae x © K ® Qp Ae 2 ®---®K ® Qp Ae n such that K ® Qp A ei is 
preserved by (<p, G m ) and <pf{eA = c^e, for a lift «j G A x of a, G -E x for any 1 5= i 5= 
n. For proving this claim, first we note that D^(Wa) is a free K ®q p A- module of 
rank n and D^£(Wa)®a-E -4 by Proposition 1.3.4 and Proposition 1.3.5 

|Ki09] and then, for any a : K <-)► E, we can write D^(Wa)<t = Ae 1>a <£- ■ -®Ae n ^ 
such that (p*(ei t(T ) = aiei^ a (mod m^) for any 1 ^ i ^ n. By an easy linear algebra, 
we can take an A-basis e' 1(T , e^, ■ • • , e' n a of /^^(H 7 ^)^ such that (p^(e' ia ) = dtie' i a 
for a lift «j 6 A x of oti for any z. Because ip and G m commute and ccj 7^ <x/, hence 
AeJ >0 . is preserved by G m . If we take e, := < CT + ^( e y + • • • <p f ~\z'i,a) e 
then we have i^Is 0^0 = ^0 ®<q p ^4ei © ■ ■ ■ © K ©q p Ae n satisfying the property 
of the claim. 

□ 
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Lemma 2.56. Let W be a benign E-B-pair of rank n and t e & n such that 
W\c Km is crystalline. Let [W A ] G D W j- t (A) be a trianguline deformation over A 
with a lifting of triangulation C W^a Q W 2 , a Q • ■ ■ W n ^A = Wa- If W^a/^-M 
is Hodge-Tate for any 1 ^ % ^ n, then Wa \ GK m ^ s crystalline. 

Proof. First, we prove that (W i; A/Wi_i ; A)\G Km * s crystalline with Hodge-Tate weight 
{ki,o-}aev- Because W^a/W^^a is written as successive extensions of W Tti /W T)i _i, 
Wi t A/Wi-i t A has Hodge-Tate weight {k ic7 } ae -p. Twisting Wa by a crystalline 
character Yiaev (7 ~ fe *' CT : K x ~^ A* , we may assume that W^a/W^^a is 
an etale Hodge-Tate A-5-pair of rank one with Hodge-Tate weight zero and is 
a deformation of an etale potentially unramified E-B-p&ir W(6 T u)). By Sen's 
theorem ( |Se73j or Proposition 5.24 of |Be02j ). W^a/Wi-^a is potentially un- 
ramified, hence there exists a unitary homomorphism 5 : K x — > A x such that 
6\ x has a finite image and W^a/W^^a — > W(S) and 5 is a lift of 5 T ^. Be- 
cause (1 + tru) fl torsion = we have 5| x = 5 r (j)lo x : @k ^4 X ; hence 
W^A/Wi-i t A\G Km is crystalline. Next, we prove that Wa \ GK m is crystalline by the 
induction on the rank of W. When n = 1, we just have proved this. Assume that 
the lemma is proved for the rank n — 1 case, then W n -i,A\G K is crystalline. If 

we put W A /W n -x,A ^ W(8 A ,n), then we have [W A ] e E 1 (G K , W n -i,A(^,n))- B Y 
considering Hodge-Tate weight of W A and the condition (3) of Definition 12. 44^ we 
obtain Fil°DdR(W n -i,A(^An)) = 0- Comparing dimensions and by Proposition 2.7 
of [Na09] . we have tt}(G K ,W A>n -i(S2%)) = ^(G K , W^„-i Hence Wa \ G Km 

is crystalline. 

□ 

Lemma 2.57. Let W be a benign E-B-pair of rank n and W\ be a rank one crys- 
tabelline sub E-B-pair of W , then the saturation W( at := (W^,W^) of W x 
in W is crystabelline and the natural map Hom Glf (W{ at , W) — > Homc K (Wi, W) 
induced by the natural inclusion W\ W( at is isomorphism between one dimen- 
sional E-vector spaces. 

Proof. Because W lje = W*°£ by Lemma 1.14 of |Na09j . so W( at is crystabelline. 
By the definition of benign E-B-pa.irs, the Hodge-Tate weight of W( at is {ki^^^-p. 
Consider the following short exact sequence of complexes of G^-modules defined 
in p.890 of [NaT)9] 

-> C\W®{W( at Y) C'(W®W?) ->• ({W®W?)^/(W®(Wf at ) s/ )$ R )[0] -> °> 

where, for an E'-.B-pair W, we denote by C'(W) the mapping cone of the natural 
map W e © W^ R —> HdR : (x,y) x — y. From this, we obtain an exact sequence 

-> H°(G^, H/ ® (H/ 1 sa *) v ) -> H°(G^, H/ <g> W\ v ) 

-> h°(g^, (w ® wr)Jk/(w ® • • • 
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By the condition (3) in Definition EH we have dim E B.°(G K , (W <g> (W / 1 sa *) v )+ R ) = 
dim £ H°(GK, (W <g> W/)^) = n[if : Q p ], Hence, by a usual argument of B^ R - 
representations, then we have E°(G K , (W ® W^^W ® (W / / at ) v ) ( [ R ) = 0. Hence 
the map H°(G K , W <g> (Wf at ) v )) 4 H°(G^, W <g> (Wi) v ) is isomorphism. Finally, 
for the dimension, we have dim£;H°(Gx, W® {W( at Y) = 1 by the condition (1) in 
Definition 12.441 and by Proposition E2] of |Na09] . 

□ 

Lemma 2.58. Let W be a benign E-B-pair and let Wa be a deformation of W 
over A. If there exists a rank one crystabelline sub A-B-pair W± t A Q Wa such 
that the reduction map Wi := W^a ®a E Wa ®a E remains infective, then the 
saturation W( a \ of W^a i n Wa as an E-B-pair is a crystabelline A-B-pair and 
Wa/W^X is an A-B-pair and Wffi ®a E 4 Wf**(C W). 

Proof. First, by Proposition 2.14 of [Na09], there exists {l a } a ev G Ylaev^o such 
that Wf at 4 W\ ® W(n CT6 -p o- la ). We claim that the inclusion 

Hom GK (W M ® W A (H a 1 '), W A ) Hom GK (W M , W A ) 

induced by the natural inclusion Wi ; a ^ ^i,A®W / A(II<7-e'P CT ' CT ) * s isomorphism and 
that these groups are rank one free A-modules. By the same argument as in Lemma 
[233 the cokernel of Hom GK (W M ® W A (Uaep ^ W a) ~> Hom GK (W M , W A ) is 
contained in B°(G K , (W A ® W^ A )+ R /(W A ® W^ A ® W A (U,ev ^))d R )- Thi s is 
zero by the proof of Lemma 12.571 Hence the natural inclusion 

Rom GK (W 1A ® W A (H a 1 -), W a ) -4 Hom GK (Wi,A, Wa) 

is isomorphism. Next, we prove that Hom Gjf (W^a, W A ) is a free A-module of rank 
one by the induction on the length of A. When A — E, this claim is proved in 
Lemma 12.571 Assume that A is of length n and assume that the claim is proved 
for Wa* '■= W Cg>A A' for a small extension A — > A'. We denote by I the kernel of 
A — > A', Wi t A< '■= Wi t A ®a A'. From the exact sequence 

-> I ® E Rom GK {W u W) -> Hom GK (W M , Wa) -> Hom^ (Wi^ , WiO 

and the induction hypothesis, we have lengthHom Gif (Wi j a, Wa) = lengthA On 
the other hand, the fact that the given inclusion i : W^a ^ Wa remains injective 
after tensoring E and the fact that dini£Hom GiC (Wi, W) = 1 and the induction 
hypothesis imply that the map A — > Hom Gjf (W^a, Wa) : a h-» a ■ i is injection. 
Hence we have length(v4) = lengthHom GK (Wi i A, Wa). These facts prove the claim 
for A. From this claim, the given inclusion i : Wi.a ^ Wa factors through a map 

i : W^ := Wi,a ® W A (JJ <A) -> Wa 
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and this map is injection because the injection of morphisms of i?-pair determined 
only by the injection of W e -part of .B-pairs and Wi t A., e — {Wi,A ® W^idlo-e-p °" itr ))e- 
Under this situation, we claim that this Z gives an isomorphism W( a \ W[ A and 
claim that this satisfies all the properties in this lemma. By the induction on the 
length of A, we may assume that this claim is proved for A'. First, we prove that 
W A /W[ A is an E-B-p&ir. For proving this, by Lemma 2.1.4 of |Be08] . it suffices 

to show that W^^/W^ dR is a free 5j" R -module. By the snake lemma, we have 
the following short exact sequence 

/ ® E W+JW$+ Wl dR /W[\ dR -> W% AK /{W'+ A )dR ® A A') -> 0. 

From this and the induction hypothesis, W AAK /W-^ AAK is a free 5 dR -module. 
Finally, we prove the A-flatness of W A jW' x A . This follows from the fact that the 
map Z <g> id^ : W[ A ®a E "—^ W A ® A E is saturated (we can see this from the proof 
of the above first claim). Hence Wa/W iA is an A-5-pair. We finish the proof of 
this lemma. 

□ 

Lemma 2.59. Let W be a benign E-B-pair of rank n. For any r G & n , we have 

D w>% (E[e}) + D™(E[e)) = D w (E[e)). 

Proof. By Corollary 12.491 and Lemma 12.511 and Lemma I2.54[ we have 

dim E D w (E[e}) + dim E D$ B (E[e]) = dim E D w ^(E[e}) + dim E D c ™ T (E[e}). 

Hence it suffices to show that 

D w , Tt (A)^D c ^ t (A) = D^ s (A) 

for any A G C E . First, the fact that D^ is (A) C D W:Tt (A) n D WjT (A) follows from 
Lemma 12.551 

We prove that D WiTt (A) n D^(A) C D$ S (A) by the induction on the rank 
n of W . When n = 1, this is trivial. Let W be rank n and assume that the 
lemma is proved for the rank n — 1 case. Let [W A ] G D W j- t (A) D then, 
by the definition of Dw,t t an d ^wv> there exists an A-triangulation C W\ t A Q 
W 2 ,a Q ■ ■ ■ Q W n -i,A Q W n ,A = Wa such that W^a <%>a E -> W T)i for any i 
and there exists a saturated crystabelline rank one v4-£?-pair W[ A Wa such 
that W[ A ®a E ^> W' T . First, we claim that the composition of W[ A ^ Wa 
and Wa -> W A jW^A is injection. Because Ker(H / 1 ' A ->■ W A /Wi :A ) is a sub 
5-pair of H 7 !^ and because we have Hom GK (Ker(H / 1 / A — »■ ^aM.a),^) = 
by the condition (1) of Definition 12.441 and by Proposition 2.14 of |Na09j . hence 
Wi.a — > Wa/W^a is injection. Hence, by Lemma f2758| the saturation {W[ A ) sat 
of W[ A in W A /W\ )A is a rank one crystabelline A-5-pair satisfying the similar 
conditions as those of W{ A ^ W^. Hence, by the induction hypothesis, Wa/W^a 
is crystabelline and, by the condition (3) of Definition 12.44} Hodge- Tate weight 
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of Wa/Wi^a is {&2,o-! &3,ct) • "• , fcn,ff}u6'P (with multiplicity [A : £]). Moreover, by 
(3) of Definition 12.441 W{ A has Hodge- Tate weight {fci i0 -}o- e p (with multiplicity). 
Because ki j(J 7^ k it(7 for any z ^ 1 and there is no extension between different 
Hodge- Tate weight objects by a theorem of Tate, these imply that Wa is a Hodge- 
Tate E'-.B-pair. Hence, by Lemma [2.561 Wa is crystabelline. Hence we have that 
[Wa] e Dy) s (A). 

□ 

The following is the main theorem of § 2, which is a crucial theorem for the 
applications to Zariski density. This theorem was first discovered by Chenevier 
(Theorem 3.19 of [Ch09b]) for the Q p case. 

Definition 2.60. For R = Rw or R\y,T T i we denote by 

t(R) :=Hom E (m fi H,£) 

the tangent space of R. We have a natural inclusion t(Rw,T T ) ^ t(Rw) f° r an y 
r G & n . 

Theorem 2.61. Let W be a benign E-B-pair of rank n. We have an equality 

re6„ 

Proof. We prove this by the induction on n. When n — 1, then the theorem is 
trivial. Assume that the theorem is true for the rank n—1 case. Let W be a rank 
n benign E-B-pair. We take an element r G & n . We define a sub functor Dw, T of 
D w by 

D W>T (A) := {[Wa] G D W (A)\ there exists a rank one sub A-B-pair W^a C Wa 
such that the quotient Wa/Wi^a is an A-B-pwc and W^a ®a E W^}, 

where W' T is defined in Definition 12.531 Dy} s T is a sub functor of Dw, T and we can 
show in the same way that 

D w , T (E[e]) ^E^GkMAW)), 

where 

ad T {W) := {/ G ad(WOI/W) £ KY 
Hence, by Lemma [2.591 we have 

H 1 (Gx,ad T (H/)) + H 1 (Gx,adr T W) =H 1 (G A -,ad(H/)). 

Because, for any r' G S T) „ := {V G @ n |r'(l) = 7"(n)}, we have a natural inclusion 
Diyj, C D WjT , hence we have natural maps H 1 (G r A , ad-7-, (W)) — >■ H 1 (Gx, ad r (VF)). 
Hence, it suffices to prove that the map 

©^ee^H^Gjr.adr^WO) H 1 ^, ad T (W/)) 
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is surjection. We prove this surjection as follows. First, by the definition, we have 
the following short exact sequences of E-B-pairs for any r' G © r>n , 

(1) ->■ Hom(W/W^, W) -> adr(W) -> ad(W^) -> 0, 

(2) -> {/ G ad TT/ (W)|/«) = 0} -> adr T ,(^) -> ad«) -> 0. 
Moreover, we have 

(3) -> Hom(W/W^, W£) -> Hom(W/W^, W) -> ad(W/W;) -> 0, 

(4) -> Hom(W^/W^,W^) — >■ {/ G ad TT ,(W0l/M = 0} -> ad r „(W/WO -> 0. 

Here, for any r' G 6 T , n , we denote by %< : C WV )2 /W£ C W^s/W^ C • • • C 
WV )n _i/W^ C W/W' T the induced triangulation from 7^ on W jW' T . We have 
H 2 (G K , Hom(W/W^, W^)) = by the condition (1) of Definition Ell and Proposi- 
tion l2.9l We have H 2 (Gk, ad^ (W)) = from the proof of Proposition 12. 401 Hence, 
from the short exact sequence (4) above, we have H 2 (Gk, {/ G ad T i(W)\f(W^.) = 
0}) = 0. From this and from (1) and (2) above, for proving the surjection of 
©r'ee T „H 1 (Ge', adr,(H / )) — >■ H^Gr-, ad T (W)), it suffices to prove the surjection of 
©r'es^ n H 1 (Gi<-, {/ G &d T ,(W)\f(W> T ) = 0}) -> H 1 (G^,Hom(H//H/;,H/)). By (3) 
and (4) above and by H 2 (Gr-, Hom(W/W^, H 7 ^)) = 0, this surjection follows from 
the surjection of @^ T ^ x {G Ki ad %f (W/W^)) -> H^G*, ad(W/W;)), which is 
the induction hypothesis. Hence we have finished the proof of this theorem 

□ 

3. Construction of ^-adic families of two dimensional trianguline 

representations . 

In this section, we generalize Kisin's construction of p-adic families of two di- 
mensional trianguline representations for any p-adic field. In the next section, 
generalizing Kisin's method in [ KilOj . we use these families to prove Zariski den- 
sity of two dimensional crystalline representations for any p-adic field. 

3.1. Almost Cp-representations. In this subsection, we recall some rings of 
Lubin- Tate's p-adic periods defined by Colmez ( |Co02j ) and the definition of al- 
most Cp-representations defined by Fontaine ( |Fo03] ) . Using these, we prove some 
propositions concerning to Banach G^-modules which we need for the construction 
of p-adic families of trianguline representations. 

Let 7Tk be a fixed uniformizer of K. P(X) G be a monic polynomial of 

degree q := -p* such that P(X) = ttkX (mod deg 2) and P(X) = X q (mod tt k ). 
From P(X), we obtain the Lubin- Tate formal group law J r 7TK of Ok on which the 
multiplication by ttk is given by [ttjc] — P(X). Let xlt : Gk — > O k be the Lubin- 
Tate character associated to ttk- Let A^k '■= & +< 8o Ko @k- This ring is equipped 
with the weak topology on which Gk acts continuously. also has a Ok- 

linear continuous (pK := ^-action. Any element of Anf.if can be written uniquely 
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of the form Y^k=o[ x k]^K ( x k e We P ut Anf,K := A-^kIp" 1 }- B Y Lemma 

8.3 of [Co02j . for any element x G E + , there exists unique element {x} G Anf,A" 
such that {x} is a lift of x and <^({x}) = [ttr:] ({#})(= P({x})). We fix {u n } n ^ 
such that Wi G rtv^ is a primitive [7Tr-] -torsion point of T^ K and [vr^](u;„ +1 ) = uj n 
for any n ^ 0, then (w n )n^o defines an element in E + — > hm^ O-^/ 'KrOjc where 
the projective limit is given by g-th power Frobenius map. We define uk '■ = 
{(wnj^o} £ Anf.if- By the definition of {— } and by the uniqueness of {— }, the 
actions of Gk and (fx on oj k are given by g(uJx) = \xur(g)](^K) fc> r any g G Gk 
(which converges for the weak topology) and by (Pk{^>k) = \^k\{^k)- We put 
t^k '■= (TTn)n^o £ F + where ?r n G satisfies that 7r = ttr- and 7r^ +1 = 7r n for any 

n, then we define A max ^ K := Anf,^[^rj^] the p-adic completion of Anf,^^^]- We 
define B^ axK = A max ^[p _1 ], this is a K-Banach space with continuous actions of 
Gk and <£k- By the definition, we have a canonical isomorphism K®k -^max.Q 
B+ axJ j (Remark 7.13 of [Oo02] ). By Lemma 8.8 and Proposition 8.9 of [CoU2] . 
there exists a power series F^(X) G (Lubin- Tate's logarithm) such that 

Fk(X) o [a] = clFk(X) for any a G Ok and := Fk(oj) converges in A ma , Xt K such 
that ip K (t K ) = 7i-KtK,g(t K ) = Xm(g)tK for any g G G^. We define B m3XjK : = 
-^max.i^fe 1 ]- We define B^ R : = hm ^ B^ f K j (Ker(9)) n equipped with the projective 
limit topology of f^-Banach spaces _B+ f K /(Ker(9)) n whose (^-lattice is defined 
as the image of A mliK B+ iK /(Ker(6)) n . By Proposition 7.12 of [Co02] . this 
is canonically topologically isomorphic to the usual B^ R . We define B^r : = 

Under this situation, we define a functor from the category of yjx-modules to 
the category of almost <C p -representations defined by Fontaine. We can see this 
construction as a very special case of a generalization of Berger's results ( [Be09] ) 
to the case of Lubin- Tate period rings. 

Definition 3.1. We say that D is a (^-module over K if D is a finite dimensional 
K- vector space with a i^-linear isomorphism (px : D D. 

Let D be a y^-module over K, we extend the action of ipx to K nT 0k D by 
<Pk{(i <S> x) :— (Pk{o) ® Vk(x), where K ur is the p-adic completion of the maximal 
unramified extension K uv of K and (fK G Ga\(K uv / K) is the lift of q-th Frobenius 
in Gal(F/F 9 ). The Deudonne-Manin theorem gives a decomposition K ur ©^ D = 
Q) S £qD s , where for any s = f G Q such that (a, h) G Z x Z^i are co-prime, D s 
is zero or a finite direct sum of D a h := K m ex © K nr e 2 © ■ ■ • © K m eh such that 
cp K (ei) = e 2 , ^(e 2 ) = e 3 , • • • , y»jc(e fc _i) = e ft , <£>#r(e ft ) = 7r£ei. We define the set of 
slopes of D as the set of s G Q such that _D S 7^ 0. We define a /T ur -semi-linear en- 
action on K uv ®kD by g(a©x) := (7(a) ©x for any g G Gk, a G fC ur , i6D, then 
.Ds is preserved by this G^-action for any s G Q because the actions of Gk and 
commute each other. For any s — f, if we define D' s := {x G -D s |<^(x) = vr^x}, 
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then we have D s = K nr (8)^ D' s and D' s is preserved by Gk and <£k, where K£ r is 
the unramified extension of K of degree h. 

The notion of almost C p -representations was defined by Fontaine ( |Fo03| ). 

Definition 3.2. Let W be a Q p -Banach space equipped with a continuous Q p - 
linear G^-action. We say that W is an almost C p -representation if there exists 
Q p - representations Vi, V 2 and an integer d G such that V\ is a sub G#- 
module of W and V2 is a sub G^-module of C p and there exists an isomorphism 
W/V 1 ^ C d p /V 2 as Q p -Banach G^-modules. 

Remark 3.3. By Theorem C of [Fo03] . S+ R /t*S+ R is an almost C p -representation 
for any k ^ 0. By Theorem B of |Fo03j , for any continuous Q p - linear G^-morphism 
/ : Wi — > W 2 between almost C p -representations W\, W 2 , it is known that Ker(/) 
and Coker(/) (as Q p [G^]-modules) are almost C p -representations and Im(/) is 
also an almost C p -representation which is a closed subspace of W 2 . 

Let Dbea y^-nio-dule over k. We will prove that X (D) := (5+ ax K ® K DY K=l 
is an almost C p -representation. 

Lemma 3.4. Let D be a tp^-module over K . 

(1) X (D) is an almost C p -representation. 

(2) If any slope s of D satisfies s > 0, then X (D) = 0. 

Proof. The proof is similar to that of Proposition 2.2 of |Be09]. If we denote by 
K UI ® K D = ® s( zqD s as above, then we have B+ axK ® K D = © sG Q-Smax,A: ® it™ 
D s as a (^-module and, for any s = ~, B+ axK <g>^ ur D s = B^ K D' s is 
preserved by the actions of Gk and Hence, it suffices to show that, for any 
s = |, (B^^K ®k?* D' s ) iPK=1 is an almost C p -representation and is zero if a > 0. 
By the definition of D' s , we have a canonical inclusion (B~^ &xK ®k u1 D'J^^ 1 C 

B ^K W * a ®Kf D' s . By 8.5 of [Co02] . for a > we have B^p** = and, for 
a ^ we have a short exact sequence 

/ct^ r -> i^ =7rr 5 d + R /t- a 5 d + R -> 0, 

where t^ur G -Ev axK = ^^ur is defined from (K^ T , tik, ^k) in the same way as in 
the definition of defined from (K, ttk, <£k)- Moreover, because B^ R /t~ a B^ R ®K^ 
D' s is a ^^-representation, so this is also an almost C p -representation by Theorem 

5.13 of |Fo03] . Hence, B^ ax K K n * <&k£ t D' s is also an almost C p -representation. Be- 

cause {B+^ K ® K -D' s y^ = Kerfo*-1 : B + J«=^ ® K - D' s -+ B^=*« ® K ? 
D' s ), then (B^ iaxK ®x ur D' s ) iPK ~ 1 is also an almost C p -representation by Remark 
1331 ' ' □ 

As an application of this lemma, we obtain the following corollary. We fix an 
embedding o : K ^ E. For a K- vector space M and an E- vector space N, we 
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denote by M (g>K,a N the tensor product of M and N over K, where we view N 
as a K- vector space by using a : K >■ E. 

Corollary 3.5. Let a G E x be a non-zero element, then (B^ axK <S>k,<j E) ipK=a is 
an almost C p -representation and, for any positive integer k such that k > eKV p (a), 
the natural map (B^ mxK ®k,o E) VK=a — > (B^ R /t k B^ R ) ®k,o E is injection, where 
ck is the absolute ramified index of K. Moreover, if we denote the cokernel of this 
inclusion by U^, we have the following short exact sequence of E-Banach almost 
^^representations, 

(B^ x K ® K>a E) VK=a (B+ R /t k B+ R ) ® K , a E^U k ^ 0. 

Proof. For a G E x , we define a (^-module D a over K by D a := Ee such that 
</?K-(ae) = a _1 ae for any a G E. D a has unique slope — eKV p (a) and we have a 
natural isomorphism 

X (D a )^(B^ K ® K>a Ef«=«. 

Hence, by Lemma |3T4"| (B^ axK ® K E) v=a is a non-zero almost C p -representation. 
Moreover, by using Proposition 8.10 of |Co02j. we can show that, for any k ^ 0, 
we have an equality 

(BL,,k ®K,a Ey«= a n (t k B+ R ® K ,„ E) = (t k K B^ K ® K , a Ey«= a . 

This is isomorphic to X (D atT fa K )-*>) where D acr ^ K yk = Ee is defined by ^(e) = 
a~ l o-{ii K ) k e. Because, D acr ^ K yk has unique slope (k — eKV p (a)), so we have 
Xo(D aa r 7rK ^-k) = when k > eKV p (a) by Lemma 13.41 This implies that the 
natural map {B^ axK ®K,a EY K=a — > {B^ R / t k B^ R ) ®k,u E is injection. Because 
both of these are almost C p -representations, hence the cokernel Uk is also an almost 
Cp-representation by Remark 13.31 in particular Uf. is an .E-Banach space. □ 

For two fT-Banach spaces M\ and M 2 , we denote by Mi^)xM 2 the complete 
tensor product of Mi and M 2 over K. Let R be a complete topological E-algebra. 
We say that R is an .E-Banach algebra if there exists a map | — \r : R — > which 
satisfies, for any x,y G R, a G E, 

(1) \1\r = 1, \x\r = if and only if x = 0, 

(2) \x + y\ R ^max{\x\R,\y\ R }, 

(3) \xy\ R < \x\ R \y\ R and \ax\ R = \a\ p \x\ R 

and if the topology of R is defined by the metric induced from | — \r. 

Lemma 3.6. Let R be an E-Banach algebra and a G R be an element of R such 
that a — 1 is topologically nilpotent, then there exists u G (K ur (t>K,aR) x such that 
<Pk{u) = ctu. 

Proof. The proof is same as that of Lemma 3.6 of [Ki03j. 

□ 
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Here, we recall some terminologies concerning to Banach modules from §2 of 
|Bu07] . Let R be an .E-Banach algebra and let M be a topological R- module. We 
say that M is a Banach i?-module if M is a complete topological i?-module with 
a map | — | : M — > M^o satisfying that, for any m, n G M, a G R, 

(1) \m\ = if and only if m = 0, 

(2) \m + n| ^ max{|ra|, \n\}, 

(3) |am| ^ |a|#|m|( where | — |# is an .E-Banach norm on R) 

and the topology on M is defined by the metric induced from | — |. Let M be a 
Banach i?-module. We say that M is potentially orthonormalizable if there exist 
a map | — | : M — > M^o as above and a subset {ej}j G / of M such that 

(1) for any m G M, there exists unique {aj} ie / (a^ G i?) such that dj — )■ 0(i — > 
oo) and that m = ^2 ieI caei, 

(2) in the situation (1), we have \m\ = maxj e j{|aj|ij}. 

We say that a Banach i?-module M has property (Pr) if there exists a Banach 
i?-module N such that M © iV is potentially orthonormalizable. 

The following proposition is also a generalization of Corollary 3.7 of |Ki03] which 
will play a crucial role in the next subsection. 

Proposition 3.7. Let R be an E-Banach algebra and let Y G R x be a unit of 
R. We assume that there exists a finite Galois extension E' of E and there exists 
A G {R® E E') X such thatE'[X] C R® E E' is an etale E' -algebra and thatY\~ l -l 
is topologically nilpotent in R® E E' , then, for sufficient large k G Z >0 , there exists 
a Banach R-module which has property (Pr) with a continuous R-linear G fr- 
action such that there exists a GK-equivariant short exact sequence of Banach 
R-modules with property (Pr) , 

(B+^ K ® K<a Rr«= Y Bt K /t k B+ n ®K,aR ^U k ^0 

Proof. If we decompose E'[X] = Yliei Q R®e E' such that each Ei is a finite 
extension of E' and if we denote by Aj G Ei the image of A in Ei, then we can 
decompose R®e E' = Yliei Ri sucn that Ei C Ri. By Corollary 13. 5[ for any 
k G Z >0 such that k > eKV p (\i) for any i G I, we have a short exact sequence of 
i?j-Banach spaces 

(B+^ K ® K>a EiY«= x > ® K ,« Ei -> 17 M 0. 

Hence, if we take the complete tensor product over of this sequence with 
for any i G /, we obtain a short exact sequence of potentially orthonormalizable 
.Rj-Banach spaces 

By the assumption, the element l^A^ 1 — 1 is topologically nilpotent in hence by 
Lemma ESI we have an element Wj G (i^ ur ®E' i0 -Rj) >< such that (p K (ui) = YX^Up 
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Multiplying it, to the above short exact sequence, we obtain a short exact sequence 

->> (B+, x ,K®K,*Rir K=Y -)• B+J^B+^K^Ri ->• {U k ^ Ei Ri) -> 0. 
Summing up for all i G 7, we obtain 

->• (5max^®x,a(7?® £j E , ))^ =y -»- 5+^7?+^^ (77®^') © i6L (E7 fcl i® BjJ R i ) -> 0. 

Finally, by taking Gal(75'/75) -fixed part, if we put 17* := (©^/(^m®^)) * 1 ^'/^) 
(this has property (Pr)), we obtain a short exact sequence 

satisfying all the conditions in the proposition. 

□ 

Let V be an 75-representation, then we define 

D+ ia (V) := (7?+ ax ® Qp K) G -, Fil°ZU(V) := D clis (V) fl Fil° J D dR (l/) ) 

where we write 7?+ ax := 7?^.^ . Then, we have a natural inclusion D^ ris (V) C 
Fil°7) cr i S (V), which is not equal in general. 

Lemma 3.8. 7ei a G E x be a non zero element. If a (p-sub module D of 
Dcriaiy)^ =a is contained in Fil°D^(V) , then D is also contained in D£ lis (y) (p =a . 

Proof. It suffices to show that if an element x G (7> max ®q p E) vf=a satisfies that 
ip{x) G 5+ R Qp E for any i G Z^ , then x G (5+ ax ® Qp £)<^ =Q! . If we write 
x = ^ for some a G (7>+ ax ®q p _g) < / ,/ =<V n anc [ n ^> q, then we have = <£>*(x) G 
^dR ®Q P ^ f° r an y = ^ = / — 1- Hence, we have 

G (7?+ ax ® Qp EY f =^ nf n t"7? d + R ® Qp 75 = (t^+ax ®Q P tf)^"', 
where the last equality follows from Proposition 8.10 of |Co02] . Hence, we can 
write a = y? _i (ix ) a * f° r some a i e 7?+ ax ® Qp 75 for any 1 ^ z ^ / — 1 and then 
we can write by a = (Yl(=o L P~ t {^K )) a ' f° r some a ' 7?+ ax ®q p 75 by Lemma 
8.18 of [Co02] . Because n£o ^ _i (*K ) e #o** b Y Lemma 8.17 of [Co02] . we have 

^ = ^ e 5+^ ® Qp 75. 

□ 

3.2. Construction of the finite slope subspace: for general p-adic field 
case. In this subsection, we generalize Kisin's construction of Xf s for any p-adic 
field. If we admit Proposition 13. 7\ the construction and the proof is almost same as 
in the Q p -case, the only difference is that we need to consider all the embeddings 
a : K 75. But, for the convenience of readers and the author, here we reprove 
this construction in full detail. 

Let X be a separated rigid analytic space (in the sense of Tate) over 75. Let 
M be a free (9x-module of rank d for some d ^ 1 equipped with a continuous 
(!?x-li n ear G^-action, where "continuous" means that, for any admissible open 
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affinoid U = Spm(i?) of X, the action of Gk on T(U, M) is continuous on which 
the topology is defined as the direct sum topology of R. We denote by M v : = 
B.om 0x (M, Ox) the O^-dual of M. For any point x G X, we denote the local 
ring at x by Ox,x, the maximal ideal at x by m x , the residue field at x by E(x) 
which is a finite extension of E and we denote by M(x) the fiber of M at x 
which is a d- dimensional i?(x)-representation of Gk- By Lemma 3.18 of |Ch09a] . 
we can take an affinoid covering {L^}^/ of X such that M, := r(£/j,M) is a free 
.Rj := r(C/j, (9x)-module which has a G^-stable finite free i?°-module Mf such that 
Mj = M°[p _1 ] for a model _R° C where, for an affinoid A, a model is defined 
as a topologically finite generated complete C^-sub algebra of A which generates 
A after inverting p. Then, we can apply the theory of |Be-Co08] of families of 
p-adic representations to Mj (and M?) for any i G I. By |Be-Co08] . there exists 
a unique monic polynomial Pm^T) G K ®q p Ri[T] of dimension d , which is the 
characteristic polynomial of Sen's operator on D§ en (Mi) of Proposition 4.1.2 of 
|Be-Co08] (where L is a sufficiently large finite extension of K), such that for any 
point x G Spm(i2j), the specialization of Pm^T) at x gives the Sen's polynomial 
Pm(x)(T) e K ® Qp E{x)[T\ of M(x). By the uniqueness of Dg n (Mi), {P Mi (T)} ieI 
glue together to a monic polynomial Pm(T) G if ®q p C^p 7 ]- By the canonical 
decomposition K ®q p = (BaepE : a<g)6 (-> (cr(a)6) CT , Pm(T) decomposes into the 
cT-components P M (T) = (PM(T) a ) aeV G © ffe pO x [T]. 

Now we assume that the constant term of P/vf(T) CT is zero for any a e V. We 
denote by P M {T) a = TQ a (T) for some Q a {T) G X [T]. 

Before stating the theorem, we recall some terminologies of rigid geometry (from 
§ 5 of |Ki03j ) which we need for the construction of Xf s . 

Let X = Spm(i?) be an affinoid variety over E and U be an admissible open in X. 
We say that U is scheme theoretically dense in X if there exists a Zariski open V C 
Spec(i?) which is dense in Spec(i?) for the Zariski topology and U = V an where 
V an is the admissible open set of X associated to V. For any rigid analytic variety 
X over E and an admissible open U of X, we say that U is scheme theoretically 
dense in X if there exists an admissible affinoid covering {Ui}i e i of X such that 
Un Ui is scheme theoretically dense in Ui for any % G /. The typical example is the 
following. Let / G Ox be any element, then we denote Xf := {x G X\f(x) ^ 0} 
which is an admissible open in X. If / is a non-zero divisor, then Xf is scheme 
theoretically dense in X. 

Next, let Y G O x be an invertible function on X. We say that a morphism 
/ : Spm(.R) X is V-small if there exists a finite extension E' of E and A G 
\r® e E') x such that [A] C R®eE' is a finite etale E'-algebra and that FA -1 — 1 G 
R®e E' is topologically nilpotent. A typical example of Y-small morphism is 
following. For any x G X and n G Z^i, the natural map / : Spm(0x,a:/ttl") — >■ X 
is y-small. 

The following theorem is the key theorem for the construction of p-adic families 
of trianguline representations, which is exactly the generalization of Proposition 
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5.4 of [Ki03j for any i-T-case. For an £7-affinoid R, we denote by B^ R (k>Q p R := 
lim^ -Sjp / t k B j" R (g)® p -R equipped with the projective limit topology. 

Theorem 3.9. Let X be a separated rigid analytic variety over E, M be a free 
Ox-module of rank d with a continuous Ox-linear Gx-action. Let Y G O x be an 
invertible function. We assume that the constant term of Pm{T)ct is zero for any 
a G V . Then, there exists unique Zariski closed sub space Xf s of X satisfying the 
following conditions. 

(1) For any a £ V and i G Z^ 0; ^/s,q ct («) is scheme theoretically dense in Xf s . 

(2) For any Y -small map f : Spm(_R) — > X which factors through Xqu} for 
any a £ V and i G 2% 0; the following two conditions are equivalent. 

(i) / : Spm(i?) — > X factors through Xf s . 

(ii) Any R-linear Gx-equivariant map h : M v ®o x R ~^ B^ k ^)q p R factors 
through h! : M v ® 0x R^K ® Ko {B+^® Qp R)^= Y . 

The proof of this theorem is almost same as that of Kisin's in the Q p -case. But 
for convenience of readers and of the author, we reprove this in detail. As in [Ki03] . 
we prove this theorem by several steps. First we prove the following. 

Lemma 3.10. Let X, M be as above. Let X' be a separated rigid analytic variety 
over E and f : X' — > X be a flat E-morphism. If there exists a Zariski closed 
sub space Xf s C X which satisfies (1) and (2) of the above theorem, then X'j s : = 
X fs x x X' C X' also satisfies (1) and (2) for X' and M' := f*M and Y' : = 
f(Y)eO*,. 

Proof. First, the condition (1) is satisfied by X^ s because the notion of scheme the- 
oretically dense is preserved by flat base changes and because we have /*(P_nf (T)) = 
Pf*ni(T). That X'j s satisfies (2) is trivial. □ 

Next, we prove uniqueness of Xf s . 

Lemma 3.11. If two Zariski closed sub varieties X\ and X2 of X satisfy the 
conditions (1) and (2), then X\ = X2. 

Proof. By the above Lemma fe.lCH for any afhnoid open [/ CI and for any i = 1,2, 
XiCiU C U satisfies (1) and (2) for U because the inclusion U > X is flat. Hence, 
for an admissible covering {Ui} ie i of X, it suffices to prove that X x fl C/j = X 2 fl Z7j 
for any i G I. Hence we may assume that X = Spm(i?) is an affmoid. We denote 
by X\ = Spm(i?// 1 ), X 2 = Spm(i?/J 2 ) for some ideals I±,l2 Q R- If we denote 
X 3 := Spm(i?// 1 fl 7 2 ), then we claim that X 3 also satisfies the conditions (1) and 
(2) . For (1), by the assumption, we have inclusions R/Ij > R/Ijl g 1 ,^ ) for any 
j = 1,2 and for any a G V,i G Z^ , hence we have an inclusion R/I\ fl I2 
R/I\ fl hig^} for any a G V,i G Z^ , which proves that X 3 satisfies (1). For 
proving that X 3 satisfies (2), we take a V-small morphism / : Spm(i?') — > X 
which factors / : Spm(i2') — > Xqu\ for any a G V,i G Z^ . We denote by 
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Y> := f*(Y) G R x . Iff satisfies (ii) of (2), then by the definition of X x and X 2 , f 
factors through X\ and X 2 , hence / also factors through X 3 because X 1 ,X 2 C X 3 . 
Next we assume that / satisfies (i) of (2) . We have a canonical decomposition 

and B£ R <g)Q p R' = @<jevB^ R ®K,<jR' ■ Hence, it suffices to show that, for any a eV, 
any G^-equivariant i?'-linear map h : M v ®o x R' ~~ ^ B^ r ®k,oR' factors through 
M v ® 0x R' (B^ iaxK <S>K,<jR')' PK=Y ' ■ Because Q a (i) is invertible in R' for any 
cr eV,i G Z^o by the assumption, the natural map 

(B+ R ® K , a M ® 0x R'f« ^ (B+ R /t k B+ R ® K , a M ® 0x R'f K 

is isomorphism for any ueP and any k G Z^i by Proposition 2.5 of |Ki03j . Hence, 
it suffices to show that for some k G Z^ 1; any G/f-equivariant map h : M y ® 0x R' — > 
(B+ R /t k B+ R ® K ^R') factors through M v ® Qx R' (5+ ax ,^, CT #T K=y '. We 
choose a G Z^i such that there exists a short exact sequence of Banach R'- 
modules with property (Pr) as in Proposition 13.71 whose exactness is preserved by 
any complete tensor base change, 

Moreover, if we denote by Spm(it^) := f~ 1 (X i ) C Spm(i?') for z = 1, 2, then we 
have an inclusion R' <^-> © i?' 2 because / factors through X3. From these, the 
above short exact sequence can be embedded in the following short exact sequence 

mUiB^K&K^R'iT^' -»- ©Li^A^dR®^ ©Li^®*^ -> 0. 

Then, the composition of /i with B+ R /t k B+ R (g> K ^R' m> ©i=i- B dRA fc - B dR®^^- R i 
factors through M v <g) 0x i?' ^ ©f=i(5+ ax ^®^, (7J R-) v,K=y ' by the definition of X { . 
Hence, by the above diagram of the two short exact sequences, h also factors 
through M v ® 0x R' ( 5 m ax ,x®^^D w=y '- Hence, X 3 also satisfies (1) and (2). 

Hence, for proving the lemma, we may assume that X\ C X 2 . We put W C X 2 
the support of /1//2 with the reduced structure. If x G X 2 satisfies Qo-(0( a; ) 7^ 
for any a G T 7 , 2 G Z<; , then, for any n ^ 1, the natural F-small map 
Spm(Cx 2 ,x/tTi™) — >■ X 2 factors through Spm(0x 2 ,:r/rn™) — >■ X x by the definition 
on X\ and X 2 . This implies that there exists a map Ojf l 3 . — > Ox 2 , x such that the 
composition of this with the natural map Ox 2 ,x Ox lt x is the natural map 
@x 2 ,x — > @x 2 ,x- This implies that the natural quotient map Ox 2 ,x — > Ox 1 ,x 
is isomorphism, hence we have x G" W. Hence, we have an inclusion W C 
UcreP,jez< {x G X 2 \Q a {i){x) = 0}. By Lemma 5.7 [KiQ3], then there exists a 
Q G Cx 2 " a finite product of Q a {i) such that X 2 , Q C X 2 \ W = X x \ W C X x C X 2 . 
Then, the condition (1) for X 2 implies that Xi = X 2 . We finish to prove the 
lemma. 
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Let {Ui}i(zi be an admissible affinoid covering of X such that Uij s C Ui exists 
for all i E I. By the uniqueness of Xf s , Uij s glue to a Zariski closed sub space 
X' fs C X satisfying that X' fs (lUi = Uij s for all z G /. 

Lemma 3.12. In the above situation, X'j s C X satisfies the conditions (1) and 
(2) in the theorem. 

Proof. That X'^ s satisfies (1) is trivial. We show that X'^ s satisfies (2). Let / : 
Spm(i2) — > X be a F-small map which factors through XQ a M for any a G V and 
i G Z^o- Because X is separated, / -1 ({7i) := Spm(i?j) is also an affinoid for any 
z G I. First we show that (i) implies (ii). We assume that / factors through 
X'j- S . Let h : M v ®o x R ~~ ^dR^K^R be a i?-linear G^-equivariant map. By 
Proposition 2.5 of |Ki03] . it suffices to show that h : M v ® Qx R ->■ B^fg^i? ->■ 
B dK/ tkB dK®K^R factors through M v ® 0x i? -»■ (5+ ax ^®^, CTJ R) ¥,A " =y for some 
fc G Z^i. We choose a fc G Z^i such that there exists a short exact sequence of 
Banach i?-modules with property (Pr) as in Proposition 13.71 

By the property (Pr), this short exact sequence can be embedded into the following 

ie/ ie/ ie/ 

By the assumption, hi : M v <g>o x i2 B+ K /t k B+ K ® K ^R -»■ B+ K /t k B+ K ® K ^Ri 
factors through M v i? -)■ (-6+^ ^ K ®K,aRiY K=Y for any z G /. Hence, to : 
M v <g> 0jf i? -»■ B3 R /t k B$ B ® Kt0 R also factors through M v ® 0jf i? (fi+ ax ^®k j(J 
J R) VA=y , which can be seen from the above diagram of the two exact sequences. 

Next, we assume that, for any a G V, any i?-linear G^-equivariant map h : 
M v ® 0x R -»> B+ K ® Kt<T R factors through M v ® 0x i? -»■ (5+ ax ^ K ® K , a RY K=Y ■ 
Because Q a (j) e fo r an y o~ E V and any j G Z^ , we have isomorphisms 
(-B+^B+^^M ® 0x R) Gk ®r Ri ^ (B+ R /t k B+ R <g) Kia M ® Qx Rif K for any 
k ^ 1 and for any z G / by Corollary 2.6 of |Ki03j . Hence, any i?j-linear G%- 
equivariant maps toj : M y ®q x R — >■ B^ K /t k B^ K ^i K ^Ri factor through M y ® 0x R — > 
( B m ax ,K®K,aRi) ipK=Y for any z G J. This implies that /(spm^) : Spm(i?i) -> 
factors through Uij s for any z G /. Hence, / also factors through □ 

By this lemma, it suffices to construct Xf s for a sufficiently small affinoid open 
X = Spm(_R). We may assume that \Y\ satisfies < r^r, where | — | : 

R — > M^o is a map which define the topology of R as in §3.2. Then, we construct 
Xf s C Spm(i?) as follows. First, we construct an ideal of R which determines Xf s . 
Let A G E be any element such that | "V^ 1 1 1 ^ |A| P ^ \Y\ and E' be a finite Galois 
extension of E which contains A. By Corollary 13.51 we can take a sufficiently large 
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k G Z^i such that, for any A as above and for any a G V, there exists a short 
exact sequence of .E'-Banach spaces 

For any a; G E + such that t> (x) > 0, we define an element 

^(tt^)A ^ cr(7T^)A 
This element converges because 

and because l PK([ x ])( (T (J K )\ ) n ~ * ® ( n ~ * +°°) ( see Corollary 4.4 of |Ki03] ) . For 
any cr G V and for any .R-linear G^-equivariant map h : M v — >■ B^ R /t k B^ R <S>K !(T R, 
we consider the composition of this map with 

o{n K )\ 

and with B^ R /t k B^ R ® K ,aR ®e E' — >■ Uk t( r,\®E'{R®E E') which is the base change 
of the surjection B^ R /t k B^ R <§) Ka E' — > Uk )(7 ,\ in the above short exact sequence. 
We denote this composition by 

/i x ,A : M v ->• U k!a>x ® E/ (R ® £ £')• 

If we fix an orthonormalizable S'-base {ej}j g / of Uk,a,\, then, for any m G M v , we 
can write uniquely by 

h x ,x{m) = S ^2a xX i(m)e i for some {a x ^,i(m)} ieJ C R® E E' . 
Then, we define an ideal 

I(h,x,X,m) C R® E E' 

which is generated by a x> \ t i(m) for all i G /. Because, for any r G Gal(E'/E), we 
have r(I(h, x, A, m)) = /(/i, a;, r(A), m) C i? <g> B i?', the ideal 

^ 7(/i, x, r(A), m) C R® E E' 

reGa\(E'/E) 

descends to an ideal I'(h,x, A,m) C R and this ideal is independent of the choice 
of E' . We define an ideal I of R by 

I := I'{h,x,\,m) C i2, 

ft, 31, A, m 

where we take all h,x,\,m and cr G "P as above. Next, we consider the ker- 
nels of the natural maps R/I —> R/I[j^, — ^ ^y ] for any n ^ 1, 07 G V,ii G 

Z^o- Because i? is noetherien, there exists the largest ideal (I C)J C i? such 
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that R/I — > R/I[jyi — q ^y ] factor through R/I — )■ i?/J and the induced maps 
i?/J —7- i?/J[jp5 — q ^y ] are injection for any n and cr; and i\. We claim that 
Xf s = Spm(i?/J), which proves the theorem. 

Lemma 3.13. Spm(i2/J) C Spm(i?) satisfies the conditions (1) and (2) m i/je 
theorem. 

Proof. Because Rj J — > RJ J[ q ,J are injection for any o~ E V and 2 G Z^ by the 
definition of J, Spm(f2/J) satisfies the condition (1). We show that Spm(i?/J) 
satisfies (2). Let / : Spm(i?') — > Spm(i?) be a F-small map which factors through 
Spm(i?') — > Spm(i?)Q CT (j) for any a G V and i G Z^ . Under this situation, 
we first prove that (ii) implies (i). We assume that , for any o G V, any h : 
M v ->• B+ K ® K ^R' factor through M v ->• (B+ axK ® Kj(T R'y K=Y . Then, for any 

/i : M v — >■ B^ R ^>K,aR an d A G -E" and x G E + as in the construction of the ideal 
/ C R, the maps 

P ( x > ~7-^) h ®R id R' : MV U k ,a,\®E>{R' ®E E') 
a{Tr K )A 

are zero because the multiplication by P(x, a (J K )\ ) senc ^ s (-^max,_fs:®^,o-^)^ =y ^° 
(B+ 3xK ® K>a R® E E') <PK=a ^ x . Hence, the map R -> R' factors through R/I ->- i?' 

and then, because Q a {i) G -R x for any a £ V and 2 G Z<; , -> -R' factors 
through Rj J — Y R' by the definition of J. 

Next, we assume that / : Spm(i?') — > Spm(i?) factors through Spm(i?') — > 
Spm(i2/J). Let h : M v — > B^ R <§) K!(7 R' be a i?'-linear G^-equivariant map. We 
want to show that this map factors through M v — > (B^ ax K®K,aR') VK=Y ■ By Ga- 
lois descent, it suffices to show that this factors through M v — > (B^ ax k ®k,<jR' ®e 
E') LPk=y for a sufficiently large finite Galois extension E' of E. Hence, by the 
definition of F-smallness, we may assume that there exists A G E such that 
YX^ 1 — 1 is topologically nilpotent in R'. Then, we have 1 1^ 1 1 1 ^ \ f*(Y)^ 1 \ R } = 
\Mp = \f*(Y)\R' = 1^1 > hence A satisfies the condition in the construction of 
ICR. By the definition of /, for any m G M v , P(x, ^~jx)h(m) is an element 

in {B^^k^R'Y 1 ^^ 1 ^ for any x G E + such that v(x) > 0. If we take an 

element u G (K nr ®K,oR') y ' ,ipK= ~^ as in Lemma [3.6} then we have 



t K uh(m) G {B+® K ,«R'y K= ^ K)X 



because t K u G \B^ ax K ® K,aRy K= ? and because the -R'-module generated by 

the sets {P(x, ^yx)L e t+,*(*)>o is dense in ( 5 m^,^T K= ^- which can 
be proved in the same way as Corollary 4.6 of |Ki03j by using Lemma 4.3.1 of 
[Ke7)5] . and because (B^ xK ® K ^R'Y K=a ^ K ^ is closed in B+ R /t k B+ R ® K>a R' by 
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Proposition 13.71 Hence, we have 

uh(m) G ±{B^ K ® K ,„R>y«=°^ n B+ R /t k B+ R ® K>(T R' 

where the last equality follows from Proposition 8.10 of |Co02j . Hence, we obtain 
h(m) G (B^ ilixK ^)K,aR') (pK=Y ■ We finish to prove the lemma, hence we finish the 
proof or the theorem. 

□ 

We will apply this construction to the rigid analytic space associated to the 
universal deformation rings of mod p representations of Gk- Before doing this, 
we reprove some important general properties of Xf s proved in Corollary 5.16 of 
[Ki03] for general K case. 

Let Spm(i?) C Xf s be an affinoid open of Xf s , we assume that this inclusion is 
F-small. By Proposition I3.7[ there exists k > such that, for any o G V, there 
exists a short exact sequence of Banach i?-modules with property (Pr) 

-> {B+^ K ® K , a RY«= Y -> B±Ji*B+p K ^R U k>a 0. 

We denote by Mr the restriction of M to Spm(i2). 

Proposition 3.14. For any o 6 ?, let H a C R be the smallest ideal of R such 
that any R-linear Gx-equivariant morphisms h : — > B^ R /t k B^ R (g) K>CT R factor 
through — > B^ R /t k B^ R (&K,aH a and put H := Ho-gp B a Q: R, then the following 
hold: 

(1) The natural maps 

{{B+^ K ® K , a M R Y K=Y ) GK -> {B+ K /t k Bt K ®K,«MR) GK 
are isomorphism for any a (i.e. the natural map 

K ® Ko Dt lis (M R r«= Y (B+Jt k B+ n ® Qp Mnf K 



is isomorphism) . 

(2) Spm(i?) \ V(H) and Spm(i2) \ V(H a ) ( for any a G V) are scheme theo- 
retically dense in Spm(i?) ; where V(H*) := Spm(i?/f/*). 

(3) For any x G Spm(i?) ; M(x) is a split trianguline E(x) -representation, more 
precisely, there exists a {^ ff }„ e p G rio-eP suc ^ ^hat there exists a short 
exact sequence of E(x)-B -pairs 

-> W{8 Y ( X ) JJ o-- k °) ->• W(M(z)) -> H/(det(M(x))5- ( 1 x . ) JJ a K ) -> 0, 

where, for any A G E(x) x , we define a homomorphism 5\ : K x — > E(x) x 
such that 5\(t[k) = A and 8\\ a x is trivial. 

52 



Proof. First, we prove (1). Let's consider a point x G Spm(i2) such that x G 
Spm(i?)Q CT (j) for any a G V and any i G Z^ . Then, by the definition of Xf s , any 
G K -map h:Ml^ B+ R /t k B+ R ® K>tr O x , x /K factor through M y R ->■ (5+ ax x 
C , x,x/tTi")' / ' Jf=y for any n ^ 1. We denote by V C Spm(i?) the set of points 
satisfying the above condition. By the same argument as in Lemma f3. 121 it suffices 
to show that the natural map R — > Yl x eVn>i ^x,x/^x * s injection. Let / G R be an 
element in the kernel of this map. Let W C Spm(i2) be the support of / with the 
reduced structure, then we have W C U cre -p i j^ ^ / ( ( 5o-(0)5 hence there exists Q G R 
a finite product of Q a {i) such that C V(Q) by Lemma 5.7 of |Ki03| . Hence we 
have Xq C X\W C X. This implies that / = G R[h] an d then the condition (1) 
of Theorem 13.91 implies that / = in R. Hence, the map R — > YlxeVn>i ^x,x/^-x 
is injection. 

Next we prove (2). Let x G Spm(i?) such that x G Spm(i?)g CT (j) for any o G V 
and % G Z<; - Then, for any quotient R! of Ox,x/^ an d f° r an y o" G "P, we have 
an isomorphism 

(S+t/^S+tgljf^Mfl)^ ®R R! ^ (B+Jt k B+ R ®K,a (M R ® r R')) Gk 

and this is a free i?'-module of rank one by Corollary 2.6 of [Ki03j. If H a Ox, x 7^ 
G x , x , then we have {B^J^B^k^M^^rOx^H^Ox^ = by the definition 
of H a , this is a contradiction. Hence, we have H a Ox,x = Ox,x for any o and for 
such a point x, hence we also have HOx,x = Ox,x- This implies that V(H) C 
U -ep,i^o^(Qo-(0)- Hence, there exists Q G -R a finite product of Qo-(i) such that 
Spm(i?)g C Spm(R)\V(H) C Spm(i2) bv Lemma 5.7 of |Ki03j . Because Spm(_R)<2 
is scheme theoretically dense, so Spm(R)\V(H) is also scheme theoretically dense. 
Because V(H) C V^iiZ^), Spm(i?) \ V(iy CT ) is also scheme theoretically dense. 

Finally we prove (3). Let x be any point of Spm(i?). By (2), for any a G V, 
there exists n a ^ such that H a C m™ CT and £ m™ CT+1 . By the definition 
of H a , there exists a Gx- ma P h : — >■ (-B^ ax K ®K,aH a ) lfK=Y which, by com- 
posing with B^ axK ®K,(rHcT — >■ -Bmax,i^ m ™ CT / m ™ CT+1 5 induces a nonzero map 
m r -> (Ck m™ CT /m™ CT+1 )^ =y ^. Hence, by taking a suitable 
linear projection m™ CT /m™ CT+1 — > E(x), we obtain a non zero G^-map — > 
( b L x ,k ®K,a E{x)Y K=Y ^\ This implies that (B+ axK ® K , a M{x))^= Y ^ ^ o, 
hence this also implies that D+ is (M(x)y K=Y{x) ^ 0, then M(x) is a split triangu- 
line i?(x)-representation as in the statement of (3). 

□ 

3.3. Construction of p-adic families of two dimensional trianguline rep- 
resentations for any p-adic fields. In this subsection, we will apply the results 
of § 3.2 to the rigid analytic space associated with a universal deformation ring of 
mod p Galois representation. 

Let Cq be the category of local Artin (9-algebras with the residue field F. Let p : 
Gk — > GL 2 (F) be a continuous homomorphism, we denote by V a two dimensional 
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F-representation defined by p. As in the case of ^-representations, we define a 
functor Dp : C ^ Sets by 

Dp(A) := { equivalent classes of deformations of V over A} 

for any A G Co- In this paper, for simplicity, we assume that V satisfies that 

H°(G x ,ad(F))=F. 

Then, Dp is pro-representable by a complete noetherian local (9-algebra Rp with 
the residue field F. Rp —> h_m Rp/m n is equipped with the projective limit topol- 
ogy, where Rp/m n is equipped with the discrete topology for any n G Z^i. When 
V does not satisfy B°(Gk, ad(V)) = F, we can prove the same theorems below in 
the same way if we consider the framed deformations. Let V nmv be the universal 
deformation over Rp, which is a rank two free -Rp-module with a i?p-linear contin- 
uous G^-action. Let be the rigid analytic space over E associated to Rp. Let 
yumv k e a f ree (^^-niodule associated to V umv , which is naturally equipped with 
an 0£(p)-linear continuous G^-action induced from that on V umv , where "con- 
tinuous" means that G K acts continuously on T(U,V umv ) for any aflinoid opens 
U = Spm(R) C X(p). 

Remark 3.15. For a point x G X(p), the fiber V x of V umv at re is a two dimensional 
^(^-representation such that a mod p reduction is isomorphic to p for a G k~ 
stable O^^-lattice of V x . Because we assume that End^G^ ] (p) = F, we also have 
End E ( x )[G K ](V x ) = E(x) for any x G X(p). 

Let We be the rigid analytic space over E which represents the functor Dyy E 
(from the category of rigid analytic spaces over E to the category of groups) defined 
by, for any rigid analytic space Y over E, 

Dyy E {Y) := {5 : — > T(Y, O y ) continuous homomorphisms }, 

where "continuous" is the same meaning as in the definition of V umv . It is known 
that We is the rigid analytic space associated to the Iwasawa algebra 
which is non-canonically isomorphic to a finite (this number is equal to the number 
of torsion points in O^) union of [K : Q p ]-dimensional open unit disc over E. We 
denote by 

the universal continuous homomorphism, which is the composition of the natural 
maps O x K ->■ £>[[£>* ]] x : a h-> [a] and 0[[O x K ]] x ->■ F(W E , 0^J- Using a fixed n K , 
we extend 5^ niv to K x by 

S unw . R x _^ r(W E , 0^ E ) such that 5 univ {TT K ) = 1, 5 univ | x = 5™ iv . 
By local class field theory, we can uniquely extend 5 umv to a character 
5 univ : G^ ->• F(W E , OwJ such that 5 univ = 5 univ o rec^. 
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We denote by 

X(p) :=X(p)x E W E x E G™ E . 
Let Y be the canonical parameter of Gs^e- We denote the projections by 
Pl : X(p) -> 3C{p), p 2 : X(p) -> W E) p 3 : *(p) -> G™ E . 

We denote by iV := p*1/ univ and denote by M := iV((p5£ unlv )- 1 ). These are 
rank two free (9x(p)-modules with Cx(p)-hnear continuous G^-actions. A point 
x of X(p) can be written as a triple x = ([V x ], 8 X , X x ) where, V x is an E(x)- 
representation such that the mod p-reduction of a suitable Gx-stable Og^-lattice 
of V x is isomorphic to V (after scalar extension) and 5 X : 0\ — >■ E(x) x is a 
continuous homomorphism and \ x G E(x) x (where E(x) is the residue field of 
x), i.e. in this paper, if we write x = ([V X ],5 X , \ x ) then we assume that these are 
defined over E(x). We denote by 

P M {T) = (P M (T) a ) aeV = (T 2 - a ljCT T + a , a ) aeV G K ® Qp O x{p) [T\ 

the Sen's polynomial of M. We denote by X (p) C X(p) the Zariski closed sub- 
space defined by the ideal generated by a 0)O - for all a e V. Let M := M|x (p) be 
the restriction of M to Xq(p), then we have 

Pmo(T) = (T(T - a liCT )) ff6P G if ® Qp Ox (p)[T]. 

We denote by Q a (T) := T — ai >cr G Oi (p)[T] for any a E V. Under this situation, 
we apply Theorem 13.91 to X (p) and M and Y := (ppO|x (p)' then we obtain a 
Zariski closed subspace 

£(p):=X (p) /s CX (p). 
For this £(p), we have a following theorem, which is a modified version of Propo- 
sition 10.4 of |Ki03] . For any A G E* , we define a unramified continuous homo- 
morphism 8\ : if x — > E x such that 5\(itk) '■= ^ an d ^aIc> x is trivial. For a point 
5 G We(-E'), i.e. for a continuous homomorphism 5 : 0% — > E* , we denote by the 
same letter S : K x — > E* such that 5(7r#) = 1 and 5\ * = 5. 

Theorem 3.16. E(p) has the following properties. 

(1) For any point x := ([V x ], 8 X , X x ) G £(p), there exists {k a } aeV G ELe^ 
and, if we put 5\ := 5 X 8\ X Ylaev a ~ k " > there exists a short exact sequence of 
E(x)-B -pairs. 

-> W{5x) -> W(V X ) -> H / (det(\4)5 1 - 1 ) -> 0. 

(2) Conversely, if a point x := ([V^], 8 X , X x ) G X(p) satisfies the following 
conditions (i) and (ii), then x G S{p). 

(i) V x is a split trianguline E(x) -representation with a triangulation 

T,:0C W(5J Xx ) C 

(ii) (V X ,T X ) satisfies all the assumptions in Proposition \2.40[ 
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Proof. (1) follows from (3) of Proposition 13.141 

We prove (2). Extending the scalar from E to E(x), we may assume that 
E(x) = E. Let x := (\V X ], 5 X , X x ) G X(p) be an .E-rational point satisfying all 
the conditions in (2), then the trianguline deformation functor Dy x j- X is repre- 
sented by a formally smooth quotient Ry x ,T x of the universal deformation ring 
Ry x of V x by Proposition 12.401 Moreover, we have a canonical isomorphism 
Ry x —> Ox(p),pi(x) an d then V^ umv := V nmv ®o x{fj) &x(p),pi(x) is the universal deforma- 
tion of V x by Proposition 9.5 of |Ki03j . Taking a quotient, we have a map Ox{p), x — > 
Ox(p-)^x)®eOweMx)®eO g ™ biP3 ( x ) ->■ -Ry^r^^B^WB.pa^)®^^^^^^)- By the 
definition of Ry x ,r x , there exists a continuous homomorphism 5^ : K x — )■ i?y r 
which gives the universal triangulation, i.e. we have the following triangulations 
oiVr^ Rvx R Vx , T Jm\ 

% niv , n : C W(S % , n ) C H^(V; univ ® Bvb Ry x , % /m n ) 

where m is the maximal ideal of Rv x ,T x and 5-7^ n is the composition of 5^ with the 
natural quotient map Ry x j x —> Rv x ,T x / v ^ n f°r ari Y n = 1- We put := £7; (7^) G 
i?y T . On the other hand, we denote the composition of the universal homomor- 

phism C iv : Ol -+ 0^ E with 0^ E -+ 6*, aMw) by ^ : 0* 0^^. 
The S-algebra Ow E , P2 (x) is topologically generated by {^^(a) — 6 x (a)\a G O^}. 
We take a quotient R of -Rv r x,7i < 8)B^w B ,p2(a:) < 8 ) -E^G on B ,p3(a;) by the ideal generated 
by 5 Tx (a) <g> 1 ® 1 - 1 <g> <Q£)(a) g> 1 (any a G C^) and A7; ®1®1 — 1®1®F, 
where F is the canonical coordinate of G^e- Then, we can see that the com- 
position of Rv x ,t x ->■ Rv x j- x ®e(x)Ow E}P2 (x)®Ogw e>E (x) : z ^ z®\®\ with the 
natural quotient map Ry Xt T x ®E(x)&w E ,P2(x) ( %>E(x)&G an ,p 3 (x) — > R is an isomorphism 
•%c,7; ^ -R and, if we denote by : 0£ -> ^ x and F G -R x the reduction of 

and 1®1®F, then the universal triangulation on iiV 7- is transformed 
to (we drop the notation n G Z^i) 

We put := (p*V univ ) ® 0jcW) and put # n := R/m n and := V R ® R 
R n . Under this situation, first we claim that the natural map Spm(.R n ) — > X(p) 
factors through Xo(p) for any n ^ 1. This follows immediately from the facts 

that WiV^f^ 1 )) has a triangulation C W{5 Y J Q ^(^(l^ 1 )) and that 
W(5 Yn ) is crystalline with Hodge- Tate weight zero, where F n G R n is the reduction 
of F.Vrom this, D cris {W{S Y J) = D^W^Y*^ H Fil° J D dii (W(^J) is a te- 
stable free rank one K ®q p .R n sub module of D cris (V Rn (5^l^ 1 ))' PK=Yn which is 
contained in Fil°DdR(V 7 R n ((5p°^ 1 )). Hence, by Lemma I3.8[ we have a natural 
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inclusion 

DUmSrJ) C D+ m (V R J;™^)r«=^ ■ ■ ■ (1). 

Next, we take an affinoid open Spm(i?) C X (p) which contains x and satisfies 
the condition in the construction of Xf s ( see the paragraph after the proof of 
Lemma r3.12p . Let J be the ideal of R which determines Spm(.R) f s . We claim that 
the natural map R — >■ R factors through Rj J — >■ R, which proves that x G £(p)(E) 
because x is the point determined by the map R — > R —¥ R/m. By construction 
of J, it suffices to show the following lemma. □ 

Lemma 3.17. In the above situation, the following hold: 

(i) For any k ^ 1 and for any a G V , the natural map 

n n 

is surjection. 

(ii) For any a G V and i G Z^ ; Q<r(j) is nonzero in R. 

Proof. Because R Rv x ,T x is domain, (i) follows from (ii) and from the above 
inclusion (1) by the same argument as in the proof of Proposition 2.8 of [Ki03j . 
We prove (ii). We can write Q a (T) = T — a± ja for the reduction ai )(J G R of 

ai j(7 G Ox(p)- Because, for any n G Z^i, VR n {$p™Z) ) has a triangulation C 
W{5yJ C ^(^(l^j^ 1 )), ai ><7 G i? n is the a-part of the Hodge-Tate weight of 
det(V R J(E^ 2 ). By Lemma EH] below, if we denote by 5 := (det(K)| x)/^ : 
Ox -> E x , a 1)CT G -R is the image of the cx-part of Hodge-Tate weight a^ mv G R$ 
of the universal deformation 5$™ : 0\ — >• i?^ by the injection i?<5 Rv x ,t x ~> R 
induced by a morphism / : Dy x j x — > Dg defined below, where the injection follows 
from Lemma f3 . 1 81 below. Hence, for any i G Z^ , Q a {i) = (i — ai jCr ) ^ G R by 
Lemma 13.191 below. □ 

Let 5q : Ok — > E x be a continuous homomorphism. We define a functor D$ : 
Ce — > Sets by 

_D,5 (.A) := {5a '■ 0\ —> A x : continuous homomorphisms 5 a (mod vxa) = 5q\. 

It is easy to show that this functor is pro-representable by a ring R§ which is 
isomorphic to E[[Ti,T 2 , ■ ■ ■ ,T d }} where d := [K : Q p }. Let W be a rank two 
split trianguline i?-i?-pair with a triangulation T : C C W such that 

W/W(8\) — > VV(52) for some continuous homomorphisms 5i,#2 : -fC x — > -E x . 
We put <5 := (5 2 /^i)| x. We define a morphism of functors / : Dw,t — > Dg 
as follows. Let [(Wa, V'a, 7a)] £ -Dw,t(^4) be an equivalent class of trianguline 
deformation of (W, T) over A with a triangulation Ta '■ C W^^a) C H^ such 
that Wa/W'(5i i a) -> W^(<5 2 ,a), then we define / by 

/([(W%^a,Ta]) := (<WMIo* e ^*>W 
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Lemma 3.18. Let W be a two dimensional split trianguline E-B-pair with a trian- 
gulation T : C W{5 X ) C IV such that W/W{5 X ) ^ W{5 2 ). IfR 2 (G K ,W(6 x /5 2 )) 
= 0, then the morphism of functors f : Dw,t — ► D$ defined above is formally 
smooth. 

Proof. Let A G Ce and / be an ideal of A such that Ixvia = 0. If we are given 
[{W A/I ,il> A/J ,T A /i)] G D WtT {A/I) such that T A /i ■ C W(5 X>A/I ) C W A/J and 
Wa/j/W(6x iA /i) -> W(^2,a/j) an d are given <5 A G -D<5 (^4) such that o"a <8u A// = 
(^2,a/i/^i,a/i)\o x ■ Because Ds Q is formally smooth for any <5 , there exists a 5 XjA : 
K x -)> A x such that ®a ^/-f = £i,a/j- We take a lift A G A x of ^//(ttjc) e 
(o4//) x and define #2,a : K x — )■ A x by (^A^if) = A and 0~2,a|ox = 8 A 5 XiA \ x, then 
we have a short exact sequence of .E-5-pairs 

W(5i/<5 2 ) ® s / ^ W(8 XA /8 2A ) -> W(8 XyA/I /S 2)A/I ) 0. 

Because H 2 (G^, W^i/f^)) = by the assumption, we have a surjection H 1 (G r ^-, W( 
^i,a/^2,a)) ~^ H 1 (G r ^, W(S Xs a/i/S2 )A /j))- This surjection means that there exists 
a'[(W%^,7A)] e Av,r(4) which is a lift of [(WU/j, Vu/j, 7i//)] G D W>T {A/I) 
satisfying that /([Wa, V'Aj 7a]) = (o~2,a/8i,a)\o x = $a- We finish the proof of 
lemma. □ 

Let A G Ce and 5 : — > A x be a continuous homomorphism, then it is known 
that this is locally Q p -analytic by Proposition 8.3 of |Bu07j . Then, for any a G V, 
we define the cx-component of Hodge- Tate weight of 5 by ^M|a;=i G A which 

is equal to the cx-part of Hodge- Tate weight of A(S) where 5 : — > A x is any 
characters such that 5 o rec^l^x = 5 by Proposition 3.3 of |Nallj . 

Lemma 3.19. Let Sq : 0% — > £' x 6e a continuous homomorphism. Let R§ be 
the universal deformation ring of Dg . Let 5g mv : — > R$ o be the universal 
deformation of 5q. Then, for any a G V, the a -part of Hodge- Tate weight a™ lv G 
Rs of5Q mv ( i.e. the projective limit of those of <5o mv ®r So R& /^ n f or n G Z^i) 
zs not contained in E, i.e. not constant. 

Proof. Let a := {cto-jo-ep G Yl^-pE be any element, then we define a deformation 
of So over E[e] by 

5 a : O x £[e] x : 5 a (x) := 5 (x)(l + (^a ff log((r(x)))e). 

The a-part of Hodge- Tate weight of 5 a is ^^U=i + a a £ - The lemma follows from 
this. □ 

Corollary 3.20. Let x = [V x ] G X(p) be a point such that V x is a crystabelline 
E(x) -trianguline representation satisfying the conditions (1) of Definition \^JJ 



Then, the point x T := (\y x ], 5 rA \ y , 8 tA (7Tk)) G X(p) is contained in S(p) for any 
r G & 2 , where we denote the triangulation T T by C W(5 tX ) C W(V^). 
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Proof. This follows from (2) of the above theorem and from Lemma 12.471 



□ 



Next, we describe the local structure of £{p) at the points satisfying the condi- 
tions (i), (ii) in (2) of Theorem 13. 16l by the universal trianguline deformation rings. 
We prove the following theorem, which is a generalization of Proposition 10.6 of 

[EES]. 

Theorem 3.21. Let x := {[V x ], 8 X , X x ) G £{p) be a point such that the conditions 
(i), (ii) in (2) of Theorem \3.16\ hold. Then, we have a canonical E{x)-algebra 
isomorphism 

Os(p),x -> Rv x ,%- 
In particular, £(p) is smooth of dimension 3[K : Q p ] + 1 at x. 

Proof. We may assume that E = E(x). We have already showed that the natural 

map Ox(p),x — >■ R — > Rv x ,T x factors through Os(p), x — > -R — » Rv x ,r x i n the proof of 
Theorem 13.161 

We prove the existence of the inverse map Rv x ,t x ~ > R ~ > Oe(p),x- Because x is 
an ^-rational point, then we can take a F-small affinoid neighborhood Spm(i?) of 
x in 8{p). By Proposition 13 . 71 and Proposition I3.14[ there exists a sufficiently large 
k > such that, for any a G V, there exists a short exact sequence of Banach 
i?-modules with property (Pr) 

-> {B^ K ® K> cRY K=Y -> B+JfB&fcKrR U k>a 
and that we have a natural isomorphism 

and that, for any a G V, we have an ideal iJ CT C i? defined in Proposition 13.141 
satisfying that Spm(i?) \ V(H) (H := YlaeV H°) anc ^ Spm(i2) \ V{H a ) are scheme 
theoretically dense in Spm(i?). 

Under this situation, we prove the existence of the inverse. First, we claim that 
Dtv\s(yx(b~ x 1 )) VK=Xx is a free K <g>Q p E-modvL\e of rank one. By the definition and by 
Lemma ESI this module has a sub module D cris (W(8 Xx )) = D C n S (W(5x x )Y K=Xx n 
Fil° 'D dR (W(5\ x )) which is rank one. Hence D~^ s (y x (8~ 1 ))^= A ^ is rank one or two. 
If this is rank two, then V x (5~ 1 ) is crystalline with Hodge- Tate weight {0, k a } ae -p 
such that k a G Z^ for any cr G V with unique relative Frobenius eigenvalue X x . 
But then, this implies that 82/81 = Ylo-ev^' this contradicts the assumption on 
(V x , %). Hence D^ iB (V x (6~ 1 ))' PK=x " is rank one and the inclusion D CTis (W(8 Xx )) ^ 

D^xb(Vx(Sx 1 ))' PK=Xx is isomorphism. 

In the same way as in the proof of Proposition 10.6 of |Ki03j . we first take the 
blow up T of Spm(i?) along H. By the definition of blow up, for any point x G T 
above x G Spm(i?) and for any a G V, there exists an element f a G H a such that 
f a is a non zero divisor of Of ^ and HuOf^, = f a Of%. By the definition of H a , 
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for any a G V and for any x G T above x, there exists a G^-equivariant map 
V R (l univ - 1 ) v -»■ (5+ ax ^<g>^ >(TJ R)^ =y such that the composite with 

is not zero, where the isom {B^ K ® K ^f a d f ^= Y ^ (B+^ K ®K,adf^ K = Y 
is given by a ^ f . Using this map and the fact that D^^V^^ 1 ))^ =Xx is 
rank one, by the induction on n that D+ ris (V R (8 nri ™~ 1 ) ® R Of £ /tn~) ¥ ' /=y is a free 
Kq £8>q p Of ~/m|-module of rank one and the natural base change map 

^(^(^" 1 )®«^/ tn S) ,p/==lr ®o^/-«^( 5 ) ^O^Ct 1 )®^^))^^^ 

is isomorphism. Because Fil 1 ^ ® Ko D^ ls (V x (5~ l )Y K=Y ^) = Fil 1 D dR (W (5 Xx )) = 
0, then D+ is (V R (5 ua ™- l )® R df Jmiy S=Y is a (Of j5 /mg)-filtered (^-module of rank 
one such that Fil° = K ® Ko D+ is (V R (S univ ^) <g> fl ^/wg)^^ and Fil 1 = 0. By 
Lemma I2.22[ this shows that Vr <g> R Of 2 is the projective limit of split triangu- 
line (Of -/m~ ^representations with triangulations C W(5™ m 5y n ) Q W(V R ® R 
Of g/tn|) (for any n G Z^i) which are trianguline deformations of (T4, 7^) <2>b 
hence the natural map Ry x — > Os{p)^ x — >■ (9y ~ factors through i?^ — >■ Rv x ,t x for 
any x G T above x. Moreover, because the natural map 

^ ( p),, ^ n % 

i£T,p(i)=i 

is injection by Lemma 10.7 of |Ki03j and by (2) of Proposition 13.141 ( where p : 
T —7- Spm(i?) is the projection ) , the map Ry x — > Os^p\ x also factors through 

Rv x ,t x ~* @£(p),x- By this natural construction, we can easily check that this 
is the inverse of the map giving the above. We finish to prove the existence of 
the isomorphism Os(p), x Rv x ,T x f° r such points. Because this isomorphism is 
preserved by the base change from E to any finite extension E' by Lemma r3.10[ the 
smoothness around these points follows from this isomorphism and from Lemma 
2.8 of [BLR95] . □ 

4. Zariski density of two dimensional crystalline representations. 

In this final section, as an application of Theorem 12.611 (in the two dimensional 
case) and of Theorem I3.21[ we prove Zariski density of two dimensional crystalline 
representations for any p-adic field. 

We define a map tc : S(p) ->■ W E XeWe by ([V x ], 8 X , X x ) i->> (5 X , det(V x )\ x/5 x ). 
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Proposition 4.1. For any point x G £(p) which satisfies all the conditions of 
Theorem \3.21\ the map ir : £(p) — > We x e We is smooth at x. 

Proof. Let x := ([V x ], 5 X , X x ) G £(p) be such a point. We put 5' x := det(\4)| C) x /5 X . 

By the same argument as in Proposition 9.5 of |Ki03j . we have an isomorphism 

Ow E x E w E ,(6 x ,5' x ) ^ We>Sx <S)e( x )0 Wej s' x R& x ®e{x)R&' x - Hence, by Theorem 
the completion of rr at x is the morphism 

induced by the morphism of functors 

ir x : D VxtTx -)■ D Sx x : [(Wa, ipA, 7a)] (#i,A|e>£ , <^2,a| x ) 

where 7a : C W(8 lyA ) C W A and WVVP^m) ^ W(<*m) for any A G C B(x ). 
Then, we can prove formally smoothness of this morphism of functor in the same 
way as in Lemma 13.181 Hence, ir is smooth at x by Proposition 12.401 and by 
Proposition 2.9 of [BLRjl]. □ 

Let x := ([T4]j ^x) G £(p) be an .E-rational point such that 14 is a crystalline 
split trianguline ^-representation with a triangulation % : C W(8 X S\ X ) C W(14) 
satisfying the conditions (1) of Definition 12.441 (Corollary I3.20p . By Proposition 
I3.14[ for any y-small affinoid open neighborhood U = Spm(i?) of x in £(p), there 
exits k > and there exists a short exact sequence of Banach i?-modules with 
property (Pr) 

K ® Ko (B+ ax ® Qp Ry«= Y B+ R /t k B+ R ® Qp R ^U k ^0 
and we have a natural isomorphism 

K®k D+jy R $£)y*= Y ^ (B+Jt'B+^Vn^f* 
and for any o G P there exists the smallest ideal H a C i? satisfying that 

(5 d + R A fc i? d + R ®^ (7 if CT i^(^ 1 )) G - ^> (^y^®^^ 1 ))^ 

where we put Vr := r(£/,Pi(U umv )) and 5r : (9£ — )■ i? x is the restriction of 
p*(5 univ ) to U. Moreover, if we put Q := JJ 

(T<=v,o^k Qcr{— i) G R, then we have 
inclusions Spm(i?)g C Spm(i?) \ V(H a ) C Spm(i?) by the proof of Proposition 
13.141 Moreover, shrinking U suitably, we may assume that v p (X y ) = v p (\ x ) for any 
y = (V y , 5 y , \ y ) G U and that ir\u is smooth by Proposition 14.11 

Under this situation, we study the map ir\u '■ U — > We x e We '■ ([Vy], 8 y , X y ) h-> 
(5 y , det(V^)| x around x in detail. Because 14 is crystalline , we can write 

ir(x) = (H a k ^% J] a k ^) eW E x E W E 

for some integers {kx >a , k2 >a }aer, then we define a subset 

(W E x E W E ) d , x ■= {(Uaev^^U.ev^'^) e We x E W E \n e Z, 

m CT G for any cr G V and Y.aev m ° = 2e KV p (\ x ) + [K : Q p ] + 1}, 
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where ex is the absolute ramified index of K. Then, for any admissible open 
neighborhood V of ir(x) in W E x e We, there exists an affinoid open V C V which 
contains n(x) such that V^ x := (We x e We) c \,x H V is Zariski dense in V. Under 
this situation, we prove the following lemma. 

Lemma 4.2. Let y := (IIo-eT 3 ^ ■> Ylaev a n ' T ~ m " T ) be an element in {We *eYVe)c\,x 
and let z := ([V z ], 5 Z , X z ) be a point in U fl 7r _1 (?/), then V z is crystalline and split 
trianguline E(z)-representation with a triangulation T z : C W(5 Z 5\ Z ) C 
which satisfies the conditions (1) and (2) of Definition 2.44 



Proof. Let z be such a point. By Corollary 2.6 of [Ki03], we have a natural iso- 
morphism 

(B+Jt'B+^VnCdn 1 ))^ ® R E(z) ^ (B+ R /t k B+ R ® Qp V.fc 1 )) * 
and this is a free K®Q p E(z)-modu\e of rank one. Because we have an isomorphism 

and have an injection 

K® Ko Dt T - ls (V z (5; l )Y«= x * ^ (B+ R /t k B+ R ® Qp V z {5- l )) G « 

induced from the injection K ® Ko (B+ is ® Qjj E{z)Y K = x * ^ B+ R /t k B+ R (g) Qp E(z). 
From these facts, we obtain an isomorphism 

K ®k Dt Tis {y z {5- l )Y^ ^ (B+ R /t k B+ R ® Qp V z (5- l )f«. 

On the other hand, because the Hodge- Tate weight of V z (5~ r ) is {0, — m a } a( zp and 
m a ^ k + 1 ^ 1, (t k+1 B^ R ® Qp V z ^~ x )) Gk is also a free K ®q p _E'(z)-module of rank 
one. These implies that D ( jr(V z (^7 1 )) is a free of rank two K ®<q p £'(z)-module, i.e. 
V Z (S~ 1 ) is potentially semi-stable and split trianguline with a triangulation T z : C 
W(<JO M> V^O^ 1 )). Moreover, if we write 6 2 := det(^)/<^ : ^ x ->■ £(^) x , 
then we have W / (\4(57 1 ))/W / (5aJ -> W(^) and 5 2 | x = ELe-p °"~ m<T because 2 G 



7T 



-1 



(y), hence these facts imply that V^(<5 2 1 ) is semi-stable. Finally, we claim that 
V z (8~ l ) is crystalline. If we assume that V z {8~ x ) is semi-stable but not crystalline, 
then (//-eigenvalue of W(5 2 ) is \ z pf or \ z p~f . Because of the weakly admissibility 
of L' st (\4(5~ 1 )), we have an equality ijvO^^ 1 )) = ^(V^" 1 )). On the other 
hand, because W{det{V z {5; r ))) ^ W{5 Xz 5 2 ), we have tjvCK^r 1 )) = jv p {X z )±l = 
jVp(\ x ) ± 1 and t H {V z {5~ 1 )) = ^(Eaev "0, hence ^(fc 1 )) < MV^" 1 )) 
because £/ G (W x s We) c i,i, this is a contradiction. Hence, V^c)" 1 ) is crystalline 
and, because 5 Z is crystalline, V z is also crystalline. Finally, twisting T z by <5 Z , we 
obtain a triangulation T 2 : C W(6 Z 6\ Z ) C W(V Z ) which satisfies (1) and (2) of 
Definition I2T441 □ 

Lemma 4.3. Let z = {[V z ], 5 Z , X z ) be a point in U r\n~ l (y) as in the above lemma. 
Then we have a natural isomorphism O n -ir y \ z ^> Ry ls . 
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Proof. First, by Lemma [2.471 and by Theorem 13.211 and by Lemma [4.21 we have a 
triangulation T z : C W(5 z 5\ z ) C W(V Z ) and the functor D Vzl - z is represented by 
Rv x ,% an d we have an isomorphism Oe^ tZ ^> Rv s ,%- Then, the completion at z 
and ir(z) of the morphism tc z : £{p) — > We x s is the morphism 

7T : Spf (i2v„r») -> Spf(^®B (a ) J R < 5 i ) 

induced by 

A^r* -> x : [(Va, -0a, 7a)] >->■ (^i,a| x,5 2 ,aIox), 

where 5' z := det(X^)| x Under this interpretation, the closed fiber Spf(O n -i^ jZ ) 
of re z corresponds to the sub deformation D' of Dy z ,% defined by 

D'(A) := {[(Va,^a,Ta)] e A^C^I^M-lo* = $z®E(z)id A , 5 2 ,aIo* = <**®.E(*) id >0 

for any A G Ce^)- Because V z is crystalline, this is equivalent to that Va is 
crystalline by Lemma 12.561 Therefore we have D' = Dy 18 , hence we have an 
isomorphism i?™ s % -i( y \ z . □ 

In the situation of Lemma IO| for any y := dlo-GP < 7 ' v > Tlaev & n " T ~ m ") G (We x e 
y^E)c\,x, we set C/y := n^iy) fl [/, which is smooth over E(y) by the assumption 
on U, and define a subset 

L^ )6 := {z = ([V z ],S z ,Xg) G f/ y | is benign}. 

Proposition 4.4. In £/ie above situation, if U y is not empty, then U y ^ is an 
admissible open which is scheme theoretically dense in U y , in particular U y ^ is 
non-empty. 

Proof. We denote by U y := Spm(i?'). First, by Lemma I4.2[ any point z G U y 
satisfies the condition (1) and (2) of Definition 12.441 and V z is crystalline with 
Hodge- Tate weight {n a , n a -m ff } ffe p. Because U y is smooth, so in particular U y is 
reduced. Hence, by Corollary 6.3.3 of |Be-Co08] and by Corollary 3.19 of |Ch09a| . 

D cris (V R ,(5 R })) := \j^(±B+ ax ® Qp V R ,(5 R })) G « 

n 

is a locally free K ®q R'- module of rank two and, for any z G U y , we have an 
isomorphism 

D clis (V R ,(5 R })) ® R < E{z) ^ D^V^S- 1 )) 

and 

K® Ko D CTis (V R ,(6 R })) ^ {B dK ® Qp V RI (5- R })) G « = (B+ R ® Qp V R ,(6 R })) G «, 

where the last equality follows from the assumption on the Hodge- Tate weight of 
V z for any z G U y . Because U y C Uq, we have an isomorphism 

(B^B+^V^f* ® R R' ^ (B+Jt k B+ R ® Qp V R ,(5 R })) G «, 
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which is a locally free K ®q p i?'-module of rank one by Corollary 2.6 of [Ki03j. Be- 
cause the natural map K ® Kq {B^^QpR'Y' f=Y '— > B^ R /t k B^ R ®Q p R' is injection, 
so we have an isomorphism 

K ®k Dt x ^V RI {r R })Y f = Y ^ (B+ R /t k B+ R ® Qp V R ,(6 R })) G «. 
From these, we can see that the natural map 

(Bi K ® Qp V a {5- R })) G - (B+Jt k B+ R ® Qp V R i5 R })f" 
is surjection. Hence, we have a short exact sequence 
Fil^^fe 1 )) -> I&CM**)) (B^fl&SQpMfe 1 ))° K 0, 

where we define Fil^AuiCVR'fe 1 )) := (t k B+ R ® Qp V RI (5 R })) GK which is a locally 
free K £g>Q p i?'-module of rank one. If we denote by 

D 2 := DUV R >(5 R }))/D+ is (V R ,(5 R })y f = Y , 

then the above facts imply that D 2 is also a locally free Kq ®q p .R'-module of rank 
one. By taking a sufficiently fine affinoid covering of Spm(-R'), we may assume 
that all these modules are free over K Q ®q p R' or K ®q p R' . If we decompose 

D CT i S (V R /(5 R })) = @t:K ->k Dt etc,then we have a short exact sequence 

-»■ Dp vf=Y D r D 2jT -»■ 

of free .R'-modules with an .R'-linear ^-action for any r. We take the Y\ G R x 
such that ^(e) = Y\e where e G -D 2jT is a -R'-base of -D 2jT . Because Y\ is a 
lift of the other Frobenius eigenvalue of D cris {V z (S~ 1 )) (one is X z ) for any z G 
t/y = Spm(i?') and because D cr i S (y 2 ((5~ 1 )) is weakly admissible, the condition 
J2aev m<J = ^ e KV p (\ z ) + [K : Q p ] + 1 for any z <E U y implies that 

Y - Fi( and Y - p ±f Y 1 ) e #' x - 

Then, an easy linear algebra implies that there exists a decomposition D T = 
R'e[ © i?'e 2 such that R'e[ = Df= Y = Dp* 1=Y and R'e' 2 = Df= Y \ Twist- 
ing these by Lp % for any ^ % ^ / — 1, we obtain a decomposition -D C ris(Vj?'(5^, 1 )) = 
^c + r i S (VR'(^, 1 ))^= y ©L> cris (VR'(^ 1 ))^ =yi . We denote by ei (resp. e 2 ) a K ® Qp R'- 
base of £+ s (M^)K =y (resp. D clis (V R ,(6 R })y= Y i). For any a G P, we de- 
note by ei >0 -,e 2jCT the i?'-basis of the cr-component of D^ R (V R i(S R })) — > K ®k 
D CT is(V R i(5 R })) naturally induced from e\, e%. Under this situation, we write the cr- 
component Fil fe D dR (V R > (6 R })) cr by using the basis ei j(J , e 2i(T as follows. Because the 
natural map D+ is {V R ,{5 R })) vf = Y ^ {Bi R /t k B+ R ® Qp V R ,{5 R })) GK is isomorphism, 
the natural map 

Fil k D dR (V R ,(5 R })) K ® Ko D 2 , 
which is the composition of the natural inclusion 

Fil k D dR (V R ,(5 R })) D dR (V R ,(5 R })) = K® Ko D CTis (V R ,(5 R })) 
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with the natural projection K®K a D crm (V R /(S R })) — > K®k D 2 , is an isomorphism. 
Hence, for any a E V, we can take a i?'-base of Fi\ k D dR (V R '(5 R })) a of the form 
62,0- + ctcr e i,<j f° r some a a E R' . Then, by the definition of benign representations, 
for any z G U y , V z is benign if and only if Ylaev a ^( z ) 7^ e E(z) because we 
have D d n(V R/ (5 R })) <g) w E(z) ^> D dK (V z (5- 1 )) and D^Vr,^})) ® R , E(z) ^ 
-Deris (Yz i$z 1 )) eT,c - Hence, to finish the proof of this proposition, it is enough to 
show that ritrep a (y i s a non-zero divisor in R! . To prove this claim, it is enough 
to show that a a G On ■ z ^> Ry™ is non-zero for any a G V, z G U y because 
Ry* s is domain. To prove this claim, first we note that we have isomorphisms 

D C n S (V R ,(5 R })) R c £ s ^> D clis (V R £s(5-L)) := hm n D cris (^ s/mW (|-L iri )) and 
D dR (V RI (8 R }))® R >R^ A D dR (V R cr is {5 R l is )) := lim ^(V^^l^. )) by con- 

z Vz l/ 2 * n Vz V z ' 

struction and by Corollary 6.3.3 of [Be-Co08] . where we denote by m the maximal 
ideal of Ry^ s and denote by S R cri B : — > (Ry* s ) x the homomorphism induced 

from 5 R > and denote by 6 R cri B n : — > (Ry ls /m n ) x the reduction of ^cris. Hence, 
the claim follows from the following lemma. 

□ 

Lemma 4.5. Let V be a crystalline E -representation with Hodge-Tate weight 
{0, — k a } aeV such that k a G Z^i for any a G V . If we can write D cris (V R cris) : = 
\^m n D CTis (V R cris/m n ) by D clis (V R c^ s ) = K ® Qp i2^ is ei © K © Qp Rp s e 2 such that 
(pf (ei) = Aiei, (e 2 ) = A 2 e 2 /or some Ai, A 2 G (i?y is ) x and that Fil fc<T Z} dR (V R cris) (T 
is generated by e 2)CT + a CT ei )CT /or o EV . Then, a a 7^ G i?y ls /or any a EV . 

Proof. If we denote by Aj := Aj G £ ,x and a a E E the reductions of Aj and a a by 
the natural quotient map Ry m — > E, then D cr i S (V) = K ©q p Ee\ © -Ko ®q p Ee 2 
such that (pf(ei) = Xiei and Fir^ZAdRvV)^ = E(e 2 ^ + a a ei iCr ). For any 6 : = 
{b a }v£V G llo-eP we cons t ruc t a deformation -D(o) of -D cr i S (V) over i?[e] by 
D(6) := D clis (V) <8>e E[e] as a (^-module and Fi\°(K® Ko D{b)) = K ® Ko D{b) and 

Fil 1 ^ ® Ko D{b)) a = Fi\ k °{K © Xo D(b)) a := E[e]{e %(J + (a, + b a e)e li(7 ), 

Fil k ° +1 (K ® Ko D{b)) a = 0. For any b as above, D(b) is a deformation of D cris (V) 
over The existence of such deformations implies that a a 7^ for any a EV. 

□ 

Next, we will prove a proposition concerning Zariski density of benign points 
in S(p). Before proving this proposition, we first prove some lemmas concerning 
general (maybe well-known easy) facts about rigid geometry. 

Lemma 4.6. Let T n be the n-dimensional closed unit disc defined over E. Then, 
for any admissible open U of T n which contains the origin := (0, • ■ ■ , 0) G T n , 
there exists m » such that {(x±, ■ ■ ■ ,x n ) E T n \\xi\ ^ l/p m for any 1 ^ i ^ 
n}CU. 
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Proof. Because U is admissibly covered by rational sub-domains, we may assume 
that U is itself a rational sub-domain, namely, we may assume that there exist 
fi, ■ ■ ■ ,fd,9 e E{{T 1} ■ • • , T n }} such that (f u • • • , f d , g) = E{{T X , • • ■ , T n }} and 
U = {x = (xi, ■ ■ • ,x n ) G T n ||/j(x)| ^ \g( x )\ f° r an Y 1 = i = d}. Then, the 
condition G U means that \fi,o\ ^ \go\ for any i, where /i,o,<7o G i£ are the 
constant terms of /; and g. If go = 0, then f\o = for any i, this means that 
(fi, 4 • • , /d, (?) ^ (Ti, T2 • • • , T^), which is a contradiction. Hence we have go ^ 
and then, because the norms of coefficients of fi and g are bounded, there exits 
m » large enough such that \fi(x)\ 5= max{|/j i0 |, IPol} = I Pol an d \g{x)\ = IPol 
for any x = (xi, • • • ,x n ) G T n such that \xi\ ^ l/p m for any i, i.e. {x G T n ||xj| < 
l/p m for any z} C [/. □ 

Lemma 4.7. Lei x := ([Kr], 8 X , X x ) G £(p) fre an E -rational point such that V x is 
crystalline trianguline as in before Lemma \J7^ and U C E(p) be an admissible open 
neighborhood of x. Then, there exists an admissible open neighborhood U' C U of 
x such that U' clx := U' fl 7r _1 (W£ x £ Ws)ci,x) is Zariski dense in U' . 

Proof. Re-taking smaller U, we may assume that U satisfies the properties as in 
before Lemma [4.21 and that the morphism 7r\u '■ U — > We Xe We is smooth and 
U is irreducible smooth of dimension 3[K : Q p ] + 1 by Theorem 13.211 and Lemma 
14.11 In particular, we may assume that tt(U) C We x e We is an admissible open 
by Corollary 5.11 of [ELlMj . By definition of W E x E W E and (W E ><e W e ) c \,x 
and by Lemma 14.6} if we re-take U smaller, then we may assume that there exists 
an admissible open neighborhood V of y :— ir(x) which is isomorphic to T n — > V 
where n := 2[K : Q p ] such that y corresponds to the origin 6 T„ and that, 
for any m ^ 1, the set V c \ )Tn := {x G T n ||a;j| ^ l/p m for any 1 5= i ^ n} fl 
(We x e We)c1,x is Zariski dense in V and that ir(U) C 1/ and that 7r|c/ : C/ — )■ V 
factors through an etale morphism ir' : U — > V x e T n >, where n' :— [K : Q p ] + 1, 
satisfying ir'(x) = (y,0). Because Ki,m is Zariski dense in V for any m, the set 
(V x E T n >) cl;Tn := {(y',z) G V c i >m x E T n ,\\zi\ < 1/p" 1 for any 1 ^ i ^ n'} is also 
Zariski dense in V x £ T n /. Because 7r'(Z7) is admissible open neighborhood of 
(|/, 0) G V Xg T n /, there exists m >> such that (V x E T n i) c ^ rn is contained in 
■k'(U) by Lemma S^J Then, we have -k'~ 1 ((V x E T n >) cl>m ) C 7r _1 (V c i,«i) ^ 
then the lemma follows from the following lemma. 

□ 

Lemma 4.8. Let f : U := Spm{B) -+ V := Spm(E{{T 1 , ■ ■ • ,T n }}) &e an eiaZe 
morphism between E-affinoids for some n. We assume that U is irreducible and 
reduced. If V c \ C V is a Zariski dense sub set of V such that V c \ C /(Z7), then 
/ _1 (^ci) a/so Zariski dense in U . 

Proof. By the assumption, the natural map A := E{{Ti, • • • , T n }} — > YlxeV E(x) 
is injection. For proving the lemma, it suffices to show that the kernel of the 
natural map B — > Y\ ye f-i(y l )E{y) is zero. If I is the kernel of this map, then 
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the map A — >■ B/I n? / 6/- 1 (Vi) ^(^) * s ec L ua l to the map A <^-> n^eVi -^( :r ) — ^ 
riye/-i(v cl ) ^(y)- Because Ki ^ /(^0 by the assumption, the map Yl x ev c i^( x ) ~~ 
Ylyef^CVa) E{y) is injection. Therefore, the map A <^-> 5// is also injection. Then, 
we have dim(A) ^ dim(5/J)(^ dim(5)) by Lemma 14.91 below. From this, we 
have dim(S/7) = dim(I?) because B is etale over A. Because U is irreducible and 
reduced, we have 1 = 0. 

□ 

Lemma 4.9. Let f : Z := Spm(£>') — > Spm(i?{{T 1 , • • • ,T n }}) be a morphism of 
affinoids over E. We assume that the induced map A := E{{Ti, ■ ■ ■ ,T n }} — > B' 
is injection. Then, we have dim(A) ^ dim(S'). 

Proof. Because A <->■ B' is injection, the base change Frac(A) <^-> Frac(A) <S>a 
B' is also injection, in particular, the generic fiber of the morphism of schemes 
/o : Spec(-B') —> Spec(A) induced from the injection A B' is not empty. We 
denote by x the generic point of Spec (A) and take a point y G f$ (x). Then, by 
Proposition 2.1.1 of [Berk93], if we denote by k(x) and n(y) the residue fields (in the 
sense of scheme) at x and y, then the natural inclusion k(x) > n(y) is an inclusion 
of valuation fields which induces an inclusion k(x) ^ k(y), where «(— ) is the 
residue field of the valuation field «(— ). Form this inclusion, we have (dim(A) = 
n =)s(k(x) / E) ^ s(k(y)/E), where s(k(—)/E) is the transcendence degree of k(— ) 
over i?. Then, by Lemma 2.5.2 of [Berk93] . we also have s(k(y)/E) ^ dim(.B'), 
hence we have dim(v4) < dim(5'). 

□ 

We set 

£(p)b : = £ is benign and crystalline }. 

Proposition 4.10. Let x be an E-rational point in £{p) as in Lemma \4- 7| and 
U be an admissible open neighborhood of x. If we take an affinoid neighborhood 
U' := Spm(i?) of x as in Lemma \4T7\ Then, C/ b := £{p\C\U' is also Zariski dense 
in U' . 

Proof. Consider any element / G R in the kernel of the natural map R — > 

Y[ zeUh E ( z )- Then > for an y V E (W E x e W E )ci,x n ir(U), f\^-i( y )nu e C^-i^nt/ is 
equal to zero by Proposition 14.41 because C^-i^nt/ is reduced. Hence, we obtain 
/ = G R by LemmaED □ 

Corollary 4.11. Let Y be the Zariski closure of £{p)h in £{P)- Then, Y is a 
union of irreducible components of £{p). 

Proof. This follows from Proposition 14.101 □ 
We denote by 

-£(p) rcg -cris := { x ^(p)|Kc is crystalline and the Hodge- Tate weight 

of V x is {ki tCT , k2,cr}crer such that k l o . ^ k 2)(J for any a G V}, 
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X(p)b := {x G X(p)\V x is benign and crystalline }. 



Lemma 4.12. If X(p) reg - C ris not empty, then £(p)b also not empty. 

Proof. The proof is similar to that of Proposition 14.41 Let x G X(p) reg _cris be 
a point. Twisting by a suitable character, we may assume that the Hodge- Tate 
weight of V x is r := {0, -fc ff } ffe p such that k a G Z^i. Then, the subset of £(p) con- 
sisting of points corresponding crystalline representations with Hodge- Tate weight 
r : = {0, — k a } aeV forms a Zariski closed rigid analytic subspace £(p)£ ris of X(p) 
by Corollary 2.7.7 of [Ki08j. By the proof of Theorem 3.3.8 of |Ki08j, we have an 
isomorphism Ox(p)i Iis ,y —> Ry^ f° r an y point y G X(p)^ ris . Then, by Corollary 6.3.3 
of |Be-Co 08j and by Corollary 3.19 of |Ch09a] . there exists an admissible open 
neighborhood U of y in X(p)^ ris , such that D clis (V R ) := ((R(8)Q p B cvis ) ® R V r ) Gk 
is a rank two finite free K ©q p i?-module and DdR(V R ) — >■ K ©a- -Dcris(Vj?), 
where V R is the restriction to U of the universal deformation of p. For any 
a' G Gal(iTo/Qp)) we denote by D a > the a'-component of D CTis (V R ). We denote 
by T 2 — aT + 6 := detniTidD^, — f^\D al ) G R[T] the characteristic polynomial of 
relative Frobenius on D a > , which does not depend on the choice of a'. Then, we 
claim that a 2 — 46 is a non zero divisor of R, i.e. the subset U a 2_ 4h C U consisting 
of points z such that D CTis (V z ) has two distinct relative Frobenius eigenvalues is 
scheme theoretically dense in U. For proving this claim, it suffices to show that, 
for any z G U, a 2 — 46 ^ in Ox(p) T . ,z RyT because Ry™ is domain. But it is 
easy to see that D CTis (V z ) can be deformed to such that with two distinct 

relative Frobenius eigenvalues, hence a 2 — 46 ^ in i?™ s . In the same way, we 
can show that the subset U" C U consisting of points z such that D CTis (V z ) has 
relative Frobenius eigenvalues a%, a<i satisfying a\ ^ p^a 2 is also scheme theoret- 
ically dense in U, hence their intersection U a 2_ Ab PI U" is also scheme theoretically 
dense in U . Next, we take an element z G U a 2_ ib n U" C [/, then by extending 
scalar, we may assume that D cris (V z ) K ©q p £?ei )Z © K ©q p -Ee 2i2 such that 
<^( e i,z) — a i^ e i,z f° r some a ij2 G -E x for i = 1,2 such that a^ z ^ 0! 2 , z ,p ± ^(y2, z - 
Then, because Ox(py . , z is Henselian by Theorem 2.1.5 of |Berk93] . for any suf- 
ficiently small affinoid open neighborhood U' = Spm(i?') of z in U c p_ Ab fi U", 
we have D clis (V R ) ® R R' ^ K ® Qp R'e 1 © K © Qp R'e 2 such that K © Qp R'ei 
is <p-stable and <p^( e i) — <Si e « f° r some cti G -R x for z = 1, 2 satisfying that 
ai— 5(2, ai— p ± ^«2 G -R x . Then, for sufficiently small [/', we have D^(V R ) (3rR' ^> 
D dR (V^) and Fil 1 J D dR (\/ R := ((#©^5+,) ®# V R ,) G « C A^Vr,) is a free 
©q p -R'-module of rank one which is compatible with any base change by 
Proposition 2.5 and Corollary 2.6 of |Ki03] and by the proof of Theorem 5.3.2 
of |Be-Co08] . Then, for any a G V, the .R'-base of cx-component of Fil 1 D dR (VR/) 
can be written by a a ei ;a + b a e2 t a for some a a , b a G R' where e ij(T is the a-component 
of Ci G D cris (V R ) © R R' C DdRCVji) © fl -R' Air(Vr')- Then, by the same ar- 
gument as in the proof of Proposition 14.41 the subset of U' consisting of benign 
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representations is U'^j atT b a )- Because Ylaev a ^ CT * s non zero divisor of R', which 
can be proved in the same way as in the proof of Proposition 14.41 U'qj a b ^ C U' 
is scheme theoretically dense in U', in particular, X(p)b is non-empty. 

□ 

Remark 4.13. In the proof of the above lemma, we prove that X(p)l Tish := 
{z G £(p)crisl^2 * s benign } is scheme theoretically dense in X(p)l Tis for any r := 
{ki,a, k2,a}aeV sucn that k\ }(T 7^ for any o G V . 

For a rigid analytic space Y over E and for a point y G Y , we denote by 

t Y , x ■■= Rom E(y )(m y /m 2 y , E(y)) 

the tangent space at y, where m y is the maximal ideal of Oy, y - The following 
theorems are the main theorems of this article. 

We denote by £(p) b the Zariski closure of j£(p)b in 3-(p)- 



Theorem 4.14. If X(p) TCg ^ cris is non empty, then X(p) b is non empty and a union 
of irreducible components ofX(p). 



Proof. First, by Lemma [4.12[ Z := X(p) b is non empty. Because any irreducible 
components have at most 4[K : Q p ] + 1 dimension, so it suffices to show that any 
irreducible components of Z have 4[K : Q p ] + 1 dimension. Let Z' be an irreducible 
component of Z. Because the singular locus Z' sing C Z' is a proper Zariski closed 
set in Z', there exists a benign point x G %(p)b H Z' such that Z' ( and X(p) ) 
is smooth at x. By the definition of benign representation and by Theorem I3.16[ 
there exists the different two points 

%i ■= ([V X ],S X1 ,X X1 ),X2 := ([V X ],8 X2 ,X X2 ) G £{p) 

such that pi(xi) = x and with property (ii) in the Theorem 13.161 We denote by 
Y{ an irreducible component of p : [ 1 {Z) containing Xi for i — 1,2 respectively. By 
Corollary I4.11[ these are also irreducible components of £{p) and Y( is unique by 
Theorem 13.211 Because the natural morphisms pi\y! '■ Y[ — > X(p) factor through 
Z' for i — 1, 2, we obtain maps, for i — 1,2, 

t£{p),Xi = tyf,xi ~^ tz',x ^ tx{p),x- 

Hence, we obtain a map 

@ t£(p),Xi -> tz',x ^ tx(p),x- 
i=l,2 

By Theorem 12.611 and Theorem 13.211 this map is surjective, hence we obtain an 
equality 

tz',x = tx(p),x- 

Because x is smooth at Z', then Z' has dimension 4[K : Q p ] + 1. 

□ 
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Concerning the assumption that X(p) reg _ cris is non empty, in this paper we prove 
the following (maybe well-known) lemma. 

q y ) ®^ an< ^ ^ \ g i J ®X f or an V character 

X '■ Gk —> F x , where u is the mod p cyclotomic character. Then, £(p) re g_ cris is 
non empty. 

Proof. First, we prove the absolutely reducible cases. Extending F, we may assume 
that p is reducible. Because any character x '■ Gk — ?• F x has a crystalline lift, we 

may assume that p — ( ^ * ] for a character x '■ Gk — > F x such that x / 1 and 



X / w. Using twists of a Lubin-Tate character of K by a G V and a unramified 
character, we can take a crystalline lift x '■ Gk — > O x of x whose Hodge- Tate 
weight is {k a } aeV such that k a ^ 1 for any a G V. Under the assumption x 7^ 
l,a;, ^(Gk, 0{x)) is a f ree 0-module of rank [K : QJ and the natural map 
H^Gr-, 0(x)) ~^ H 1 (G_r:,F(x)) is surjection. By the choice of Hodge- Tate weight 
of x, we have an equality R^Gk, E(x)) = H 1 (G^, E(x))- These imply that any 
extension in H 1 (G^, F(x)) lifts to a extension in H 1 (Gk , 0{x)) which is crystalline. 

Next, we prove the absolutely irreducible case. In this case, if we denote by K 2 
the unramified extension of K such that [K 2 : K] — 2 and denote by X2 '■ G^ — > 
F x the mod p reduction of the Lubin-Tate character X2,lt of K 2 associated to a 
uniformizer itk 2 of K 2 , then it is known that p ^> (Ind^ x 2 ) ® X f° r a character 
X ■ Gk — > F x and for some « 6 Z such that i ^ (mod pf + 1). Hence, it suffices 
to show that Ind G ^ %2 nas a crystalline lift. Because X2 is the mod p reduction of 
X2,lt, we can take a lift of x 2 of the form Ho-e-p < 5'(X2,lt)' c ' t such that k a ^ 1 for all 
cr G P, where a : -K^ ^ ^ is an extension of a. Then, Ind^ x 2 h as a crystalline 
lift Indg 2 (]l (Te p5-(X2,LT)' c<T ) whose Hodge-Tate weight is {0, k a } aeV . 

□ 



We can obtain the following theorem. We remark that, from § 3.3, we assume 
Endc K (p) = F but, even if End(p) 7^ F, we can prove Theorem 13.161 and Theorem 
I3.21l and Theorem 14 . 1 41 without any additional difficulties if we consider the univer- 
sal framed deformations instead of usual deformations. But, up to now, the author 
does not know the proof of the following theorem in the case Endc K (p) 7^ F. 

Theorem 4.16. We assume the following conditions. 

(0) End GK (p) =F. 

(1) £(p) rcg _ cris is not empty. 

{^p^i 1 *)®xforanyx--G K ^¥ x . 



(3) [K(( P ) '■ K \ 2 or i f or an V X, p\i K T 6 
where ( p is a primitive p-th root of 1. 
Then, we have an equality £(p) b = X(p). 

Proof. First, we prove in the case ( p (jL K, i.e. u is not trivial. In this case, under 
the conditions of (2) and (3), we have 

H 2 (G*,ad(p)) ^ E (G K ,ad(p)(u)Y = Hom Gjf (p, p ® u) v = 0. 

Hence, the universal deformation ring R p is formally smooth over O and 3£(p) is 
isomorphic to (4 [if : Q p ] + l)-dimensional open unit disc, in particular irreducible. 
Hence, by Theorem I4.14[ £(p)b is Zariski dense in X(p). 

Next, we prove in the case ( p G K. In this case X(p) is not irreducible. Let 
P C K be the sub group of O k consisting of all the p-th power roots of 1 and 
let p n be the order of this sub group and let ( p ™ e O k be a primitive p n -th root of 
1. For any ^ % ^ p n — 1, we define a sub functor .D^j of Dp by, for any A & Co, 

D P;i (A) := {(Va,^a) e L> p -(A)|det(VA)(rec x (C^)) = la(( p ™) 1 }, 

where la '■ O — > A is the morphism which gives an (9-algebra structure to A. It is 
easy to see that the canonical inclusion Dp^ ■=->■ Dp is relatively representable, i.e. 
this satisfies the conditions (1) and (2) and (3) in the proof of Proposition 12.361 
For any i, let Rp^ be the quotient of Rp which represents Dpi and let X(p)i C X(p) 
be the Zariski closed rigid analytic space associated to Rp ;i , then it is easy to see 
that, as rigid analytic space, X(p) is the disjoint union of X(p)i for f== i 5= p n — 1, 

= II £(p)i- 

Moreover, we claim that each £(p)j is isomorphic to (4 [if : Q p ] + l)-dimensional 
open unit disc. For proving this claim, it suffices to show that the functor D p ^ is 
formally smooth. 

We prove formally smoothness of Dp i as follows. Let A be an object of Co and 
I C A be a non zero ideal such that im^ = 0. Let (Va/i, ipA/i) be a deformation 
of p in Dp^(A/I), then it suffices to show that (Va/i, i>A/i) lifts to Dp^(A). Fixing 
A//-base of Va/i, we represent Va/i by a continuous homomorphism pa/i '■ Gk 
GLi2(A/I). Because the obstruction of the liftings of det(p) comes only from that 
of det(p)| reCif (p), we can take a continuous character ca '■ G^ — > A x which is a lift 
of det(pA//) and CA(recK(Cp n )) — L A(( P n Y- We take a continuous lift Pa '■ Gk — >■ 
G\j 2 (A) of pa/i such that detf^p^g)) = CA(g) for any g e Gk and then we define 
a 2-cocycle / : Gk x Gk — > I ®v ad(p) by 

PA(gig2)PA(g2Y 1 PA(giY 1 ■= 1 + £2) e l + i ®a M 2 (A) = l + / ® F ad(p). 

Because det(pA) = ca is a homomorphism, f(gi,g 2 ) is contained in i ®f ad°(p), 
where we denote by ad°(p) := {a 6 ad(p)|trace(a) = 0}. Hence, we obtain a class 
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X 2 



X such that i 



rjf + l 



of 2-cocycle [/] G H 2 (Gr-, ad (p)). But, under the assumption (0) and ( p G K, we 
have 

H 2 (G x ,ad°(p)) 4 H°(C,ad°(p)(u;)) v = R°(G K , ad°(p)) v = 0. 

Hence, twisting pA by using a suitable continuous one cochain d : Gjf — >■ I C§>f 
ad°(p), we obtain a continuous homomorphism p^ : Gk — > GL 2 (A) such that pa 
is a lift of pA/i and det(p J 4) = Ca, in particular {Va/i,x/, a/i ) lifts to D^A), which 
proves the claim. 

By this claim and by Theorem 14.141 h suffices to show that, under the assump- 
tion (1), X(p)i PI X(p)b is non empty for any z. We prove this claim as follows. 
First, by the assumption (1), there exists z such that 3E(p)j fl £(p)b is non empty. 
We take a point x = [V x ] G X(p)i fl 3£(p)b- 

When p 7^ 2, the twist V^Xlt ^) °f f° r an y j £ ^ is contained in X(p)b H 
X(p)i j , where we define ij such that ^ Zj ^ p n — 1 and z'j = z + 2j(p^ — 1) ( mod 
p n ). When p 7^ 2, z'j runs through all ^ i' ^ p n — 1, hence £(p)b H 3£(p)i' is non 
empty for any z 7 . Hence, £(p)b is Zariski dense in X(p) in this case. 

Finally, we consider p = 2 case. By the same argument as above, £(p)b H X(p)i> 
is non empty for any ^ z' ^ 2 n — 1 such that i' = i (mod 2). Hence, it suffices 
to show that there exists z'i and z'2 such that ^= z' 1; z 2 ^ 2 n — 1 and i\ ^ z 2 (mod 
2) and X(p)j. fl £(p)b is non empty for j = 1,2. We prove this claim as follows. 

If p is absolutely reducible, then under the assumption of this Theorem, p ~ 

^0 ly ® ^ some ^ anc ^ ^ such that ^ / 1. We may assume that 77 = 1. By 

the proof of Lemma I4.15[ there exists a crystalline lift % '■ Gk — > O x such that 
there exists an x G X(p) reg _ cr i S fl X(p)i such that [V x ] G H 1 (G^, E(x)) for some z'. 
There also exists an x' G X(p) reg _ cr i S fl %(p)i> such that [V x >] G H 1 (G j r-, ^(xXlt" 1 )) 
and i ^ z' (mod 2). By the same proof as in Lemma I4.12[ we can show that 
3£(p)b H X(p)j and £(p)b H %(p)i> are non empty, which proves the above claim. 
In absolutely irreducible case, we can prove in the same way. Hence, when p = 2, 
3£(p)b is Zariski dense in X(p). We finish the proof of this theorem. 

□ 



5. Appendix : Continuous cohomology of 5-pairs 

In |Na09j . we defined a cohomology W(Gk,W) by using continuous cochains 
which we review below. On the other hand, Liu |Li08] defined another cohomology 
which we write by R 1 Uvl (Gk, W) := W(D(W)) by using a complex defined from the 
(<p, r)-module D(W) associated to W, see 2.1 of |Li08] for the definition. Moreover, 
he proved that this cohomology satisfies Euler-Poincare formula and Tate duality. 
In this appendix, we prove that H 1 (Gk, W) also satisfies Euler-Poincare formula 
and Tate duality and that H 1 (Gk, W) is canonically isomorphic to W Uu (Gk, W). 
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We recall the definition of W(Gk,W). Let G be a topological group. For a 
continuous G-module M, we define the group of i-th continuous cochains by 

C\G, M) := {c : G xt -» M\c is a continuous map }. 

As usual, we define the boundary map 

5 : C\G,M) -> C i+1 (G,M) 

by 

*(c)(^i,p2, ■ ■ • ,g%+i) ■= gic(gi, ■ ■ ■ ,g i+ i) + (-l) i+1 c(g u g 2 , ■■■ 

+ E , s =i(- 1 N3ir-- , g s -i, g s g s +i, g s +2, ■• • ,g%+i)- 

Let W = (W e , W^ K ) be a 5-pair and let W d R := W e ® Be B dR . For W, we define a 
complex C*(Gr-, W 7 ) of Q p - vector spaces as the mapping cone of the map 

C'(G K , W e ) © G'(G K , W+ K ) -> C*(G^, PF dR ) : (c e , c dR ) h- c e - c dR , 

i.e. we define by 

C°(G K , W) := C°(G K , W e ) © C°(G K , W d \) 

and by 

C 4 (G X , W) := tf(G* , W e ) © C l (G K , W+ R ) © CT 1 ^, W dR ) 

for i ^ 1 and the differentials 5 are defined by 5 : C°(G^, W e ) © C°(G K , ) -»■ 
C 1 (G^,^ e )©C 1 (G^,^ d + R )©C°(G^,^ dR )(c e ,c dR ) ^ (5(c e ),5(c dR ),c e -c dR ) and 
5 : C^Gjc, wgeC^, W d + )©C i - 1 (G x , W^) tf +1 (G* , wg©C i+1 (G^, 
C*(G/c, WdR)(c e ,CdR,c) h->> (<5(c e ),5(c dR ),c e - c dR - 5(c)) for £ ^ 1. We define the 
cohomology of W by 

ff(G i ,,^):=ff(C'(G^,^)), 

and 

IF(G^,Wg :=W(C'(G K ,W e )) 

and 

H^Gjc, W d +) := W(C'(G K , W+ R )), W(G K , W dR ) := W(C'(G K , W dR )). 

By these definitions, we have the following long exact sequence, 

•••-). H-^X, W dR ) -> H* (G*, -> E i (G K , W e ) © 

Before proving Euler-Poincare formula, we recall some results of |Be09j . Let 
be an almost C p -representation and V\ and V 2 be Q p -representations of G#- 
of dimension d\ and d 2 respectively and d ^ be an integer such that V\ QW 
and V 2 C C® d and W/Vi ^> C® d /V 2 , then we define the dimension of W by 
dim c(Gx) (W0 := d and the height of W by hk(W) : = di - d 2 . Let W := (W e , W d +) 
be_a_B-pair. We define X (W) := W e n and := W dR /(W e + W^). In 

|Be09] . Berger proved the following theorem. 

Theorem 5.1. Let W be a B-pair of rank d, then : 
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(1) Xq(W) and Xi(W) are almost ^-representations, 

(2) IfW is pure of slope s ^ 0, then dim c{GK) {X (W)) = -sd andht{X {W)) = 
dandX 1 {W)=0, 

(3) IfW is pure of slope s > 0, then X Q (W) = and dimc(a K )(Xi(W)) = sd 
andhk(X 1 (W)) = -d. 

Proof. See Theorem 3.1 of [Be0~9]. □ 

Lemma 5.2. Let W be an almost misrepresentation, then W(GkW) is finite di- 
mensional over Q p for i = 0, 1, 2 and zero for i ^ 3. 

Proof. This follows from the definition of almost C p -representations and the facts 
that W(Gk,V) = for i ^ 3 for any Q p - representation V of Gk and that 
E^GkXp) = for i ^ 2 and that W{G K ,V) and W(G K , C p ) are finite dimen- 
sional over Q p . □ 

For an almost C p -representation W, we write := Si=o(~ l^dimQpH^G^, W). 

Lemma 5.3. *(W) — —[K : Q p ]ht(W). 

Proof. This follows from the definition of almost C p -representations and Euler- 
Poincare formula for (^-representations of Gk and the fact that x(Q>) = 0- ^ 

Lemma 5.4. The following equalities hold. 

(1) c-(w e ) = \i^ n c-(w e n ±w+ R ). 

(2) C'(W dR ) = \i^ n C'(G K ^W^). 

Proof. For any n, -^Wj~ R is closed in -j^+rW^ R and the topology on ^Wj~ R is the 
topology induced from -^+rW^ R . Hence, by Proposition 5.6 of [SchnOlj . we obtain 
the equality (2). For W e , if we fix an isomorphism W e Bf d as -B e -module, the 
topology on W e is defined by the direct sum topology of B e . Because we have an 
equality tB+f= pn = n m ^ Ker(9((p m ) : B+f= p " +1 -> C p ) by Proposition 8.10 (2) of 
[Co02] , ^B+r"" is closed in ^B+£=P n+1 and the topology on ±B +£= pn is the 
topology induced from p^T-B+:^ =pn+1 . Hence, by Proposition 5.6 of [SchnOlj . we 
have C'(G K , W e ) = lir^ n C'(G K , (^^T") = lim n C*(G*, W e D ^ d +). □ 

Lemma 5.5. Let W^ be a finite free B^ R -module with a continuous semi-linear 
Gx-action. Then the canonical map W(Gk 1 W^ r ) — > hm^ H' (Gk , W h "r / t n W~{ R ) is 
isomorphism. 

Proof. Because we have C"(Gjc, ^> ^ n C'(G K , W£jt n W&), for any i ^ 0, 
we have the following short exact sequence, 

-> M 1 hmff-^G^, W d + /rW d +) H^Gk, W d +) -> limH'(G^, ^ d + R /fW d + R )) 0. 

n n 

Because W~ l (GK ) W^ R /t n W^[ R ) is finite dimensional over Q p , Mittag-Leffler con- 
dition implies that R 1 hm^ ff -1 (K, W^ R / t n W^ R ) = 0. The lemma follows from 
this. " □ 
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Corollary 5.6. Let W^ R be as above. Let {h 1 ,h 2 ,--- ,h d } be the generalized 
Hodge- Tate weight of W^/tW^. Let k ^ 1 be any integer such that k + h ^ 
for any h s E Z. Then the natural map W{G K , W+ R ) ->■ W{G K ,W+ K /t k W+ K ) is 
isomorphism and H 1 (Gk, t k+1 W^) = 0. 

Proof. By the assumption on k, we have H t (GK,t l W d * R /t l+1 W d * R ) = for any 
I ^ k + 1. The corollary follows from this and Lemma [5.51 □ 

Corollary 5.7. Let W+ R be as above, then W(G K ,W+ R ) = W(G K ,W dK ) = 
for % ^ 2 and W(Gk, W^) and H 1 (Gk, War) are finite dimensional over Q p for 
i = 0,l. 

Proof. Because W(G K) W+ K /t n W+ K ) = for i ^ 2 and rP(G K , W^/tfW^) is 
finite dimensional for i = 0,1, we obtain the corollary for W^ R by Lemma 15.61 
We prove the corollary for W d R. Because C 9 (G K ,WdR) ^ lirri^ C'(G K , ^W^) 
by Lemma EH (2), we have an isomorphism W(Gk, W^r) -» lim^ W(Gk, -^W^r). 
Then we can show that for n large enough the natural map K 1 (Gk, j^+jW^) — > 
W(Gk, t n+j+i ^dR.) * s isomorphism for any j ^ 0, then the natural map FP(Gr-, 
t^^dR,) — ^ H 1 (G\k, W<jr) is isomorphism, the corollary for WdR follows from this. 

□ 

Lemma 5.8. Let W = (W e , W^ R ) be a B-pair. Then we have W(G K , W e ) = for 

Proof. Because we have C'(G K ,W e ) = lim^ C'(G K , W e n ^W^) by Lemma [53 
(1), we have an isomorphism W(G K ,W e ) —> lim^H^G^, W e fl -p^W^). For any 
n, because W e fl ^W 7 ^ is an almost C p -representation by Theorem 15.11 we have 
H 1 (Gk, W e fl -j^W^) = for i ^ 3 by Lemma [5.21 The lemma follows from these 
facts. □ 

Theorem 5.9. Let W be a B-pair, then the following hold. 

(1) W(Gk, W) is zero for i ^ 3 and H 1 (Gk, W) is finite dimensional over Q p 
fori = 0,1,2. 

(2) (Euler-Poincare characteristic formula) 

2 

^dim Qp (-l)*rP(GW,W) = —[K : Q p ]rank(W). 

i=0 

Proof. We first prove that W(Gk, W) = for % ^ 3. Because there is an exact 
sequence 

the claim follows from Corollary 15 . 71 and Lemma [5781 Next we prove that W(Gk, W) 
is finite dimensional over Q p . By slope filtration theorem, it suffices to show this 
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claim when W is pure. Let W be a I?-pair pure of slope s. When s ^ we have 
the following short exact sequence, 

o -> w e n w d + ^w e ® w+ R ^w dR ^o 

by Theorem O (2). Hence the natural map ff(G^, n W 7 ^) -> H l (G^, W) is 
isomorphism. Because W e D W 7 ^ is an almost C p -representation by Theorem I5.1[ 
H l (GK,W e D W 7 ^) is finite dimensional by Lemma 15.21 this prove the claim for 
s ^ 0. When s > 0, then we have the following short exact sequence 

-> H/ e © W d + -> W^dR ->• W dR /(W e + W d + ) ->• 

by Theorem 15.11 (3). Hence we obtain a natural isomorphism H l (K, W) —> W^{K, 
WdR./(We + W^x)). Because WdR/(W e + W^) is an almost C p - representation by 
Theorem 15 .1[ H*~ 1 (_ft', WaR./(W e + W^)) is finite dimensional, the claim for s > 
follows from this. 

Next we prove (2). For W a 5-pair or an almost C p -representation, we write 
X (W) := ^J =0 (-l)MimQ p H 4 (G^,H/). It suffices to show (2) when W is pure of 
slope s. When s ^ 0, then by the above proof x(W) = x(Xo(W)). By Lemma 
Eland by Theorem EH (2), x(X\W)) = -[K : Q p ]ht{W) = -[K : Q p ]iank{W). 
When s > 0, then by the above proof we have x(W) = — x{X 1 (W)). By Lemma 
[Eland by Theorem EH (3), we have X (X l (W)) = -[K; Q p \ht(X 1 (W)) = [K : 
Q p ]rank(W). (2) follows from these. 

□ 

Next, we define the cup product pairing for 5-pairs W := (W e , W^) and W : = 
(W/J, W^) as follows. First, for two continuous cochains c G C 1 {Gk, H 7 ?) and 
d G 0(Gk, W 7 ?) where W 7 ? is H^ or H 7 ^ or WdR, we define a continuous cochain 

cUc'g C l+j (G K , W? © B? W 7 ?) 

by 

c U c'(5-i, • • • , flTi+j-) := c(gi, ■■■ , g { ) ® 0i# 2 • • • gid(g i+1 , ■■■ , g i+j ) 

where 5? is _B e or £? dR or B^r when H 7 ? is W e or W^ R or HdR respectively. Then, 
cUc' satisfies 

<5(c U d) = 5{c) Uc'+ (-l)*c U 5(d). 

For c = (c e ,c+ R ,c dR ) G C*(GW, W e ) © C^G*, © &-\G K) W AK ) and c' = 
(4 c d + , c dR ) G W 7 /;) © W d +) © 0-\G K , W dR ) and for a parameter 

7 G Q p , we define 

cU 7 c' g C i+j (G K: W e ® Be WZ)®C i+j (G K , W^Qj^W^qV+I-^Gk, W dR ® BdI{ W dR ) 
by 

cU 7 c' := (c e Ut4,c^Uc^,c dR U(7<+(l-7)c^ + (-l) i ((l-7)^ + TciOUc' dR )). 
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Then, we can check that if 5(c) = 5(d) = then 8{c U 7 d) = and if 5c = and 
d = 5(c") ( or c = 5(c") and 5(d) = 0) then cU 7 d G Im(<5). Therefore, this paring 
induces a Q p -bi-linear paring 

U 7 : W(G Kl W) x W(G K) W) -> rP+^G^, W <g> W")- 

Moreover, we can check that U 7 doesn't depend on the choice of a parameter 7, 
so we just write U instead of U 7 . 
We define the paring 

U : W(G K , W) x R 2 - l (G K , W y ( Xp )) -> Q P 

by composing 

U : W(G K , W) x H 2 - ! (G K) W\ Xp )) H 2 (G X , W ® W v ( Xp )) 

with the map H 2 (Gj<-, W <8> W v ( Xp )) -> H 2 (G K , W(Q P )(%0) which is induced 
from the evaluation map ® W /V (x P ) — > W(Q p )(x p ) and with the natural iso- 
morphism B. 2 (Gk,W(Q p )(x p )) — > H 2 (Gx, Qp(Xp)) an d with Tate's trace map 
H 2 (Gft-, Qp(xp)) —> Qp where W(Q P ) is the £>-pair associated to the trivial repre- 
sentation Q p . Tate duality theorem for 5-pairs is following. 

Theorem 5.10. For i — 0, 1, 2 ; £Ae above paring 

U : fP(G x , x H 2 -*(G X , W y ( Xp )) -> Qp 

zs a perfect paring. 

Proof. We can prove this theorem in the same way as in the proof of Theorem 4.7 of 
|Li08j if we use the Eulcr-Poincarc formula and the facts that H°(Gk, W(Y[ ae -p c)) 
= and B°(Gk, W(\ Ylaev = ^ which have been already proved in Proposition 

EH □ 

Finally, we prove that our continuous cohomology is canonically isomorphic to 
Liu's cohomology. We first define an isomorphism between H° by H^^Gk, W) — > 
Hom^r-^Z^W)) ^ Rom(W(Q p ),W) ^ R°(G K ,W) where D(W) is the ((p, T)- 
module associated to D and R is the trivial (<p, r)-module, where the second 
isomorphism follows from the equivalence of categories between 5-pairs and (if, T)- 
modules. 

Theorem 5.11. The above isomorphism JI^^Gk, W) — > H°(Gk,W) extends 
uniquely to an isomorphism of 5 -functors H 1 Uu (Gk, W) — >■ W(Gk,W). 

Proof. This follows from weakly effaceabilities of functors W Lin (GK, —) and H 1 (Gk, —)■ 
For Hl; u , these facts are proved in the proof of Theorem 8.1 of |Ke09] . For 
W(Gk, —), we can also prove in the same way as in Theorem 8.1 of |Ke09j because 
we have already proved Euler-Poincare formula and Tate duality for W(Gk, —) 
and we have an isomorphism H 1 (Gk,W) ^> Ext 1 (W (Q p ) , W) which is proved in 
Proposition 2.2 of [Na09] . 

□ 
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